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Abstract 

We analyze some relations between quasi-Hopf smash products and certain twisted tensor 
products of quasialgebras. Along the way we obtain also some results of independent interest, 
such as a duality theorem for finite dimensional quasi-Hopf algebras and a universal property 
for generalized diagonal crossed products. 

Introduction 

If (A, ha, ua) and (B, /ib,ub) are algebras in a monoidal category C and R : B (g> A — > A® B 
is a morphism in C satisfying a certain list of axioms, then A®B becomes also an algebra in C, 
with a multiplication defined in terms of \iAi /Ab an d R- This construction appeared in a number 
of contexts and under different names. Following [15J we call such an R a twisting map and the 
algebra structure on A <g) B afforded by it the twisted tensor product of A and B and denote it 
by A ®r B (if A and B are ordinary associative algebras and R is the usual flip, then A <S)r B 
coincides with the usual tensor product of algebras). Analogues of twisting maps for monads 
and operads are known as distributive laws, see for instance [3], [25], [30]. The twisted tensor 
product of associative algebras can be regarded as a representative for the cartesian product of 
noncommutative spaces, better suited than the ordinary tensor product, see [15], [18] ; [20J for a 
detailed discussion and references. Prominent examples of twisted tensor products of algebras 
are the so-called braided tensor products, which are part of the " braided geometry" developed by 
Majid in the early 1990's; namely, a braiding on a monoidal category provides a twisting map 
between any two algebras in the category. Hopf algebra theory provides also plenty of examples 
of twisted tensor products, in particular the usual smash product A#H is the twisted tensor 
product A (g> R H, with R : H ® A ^ A® H, R(h <g> a) = hi ■ a (g> h^. 
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Dll-11/2005. 



The term quasialgebra was introduced in [2], to designate an algebra in a monoidal category. 
We restrict here the term to algebras in monoidal categories associated to a quasi-bialgebra or 
quasi-Hopf algebra H, such as h-M., h-Mh, h^D- Since these categories have nontrivial asso- 
ciators, such quasialgebras are usually nonassociative as algebras, but their lack of associativity 
is (well) controlled by the associators of the category. Important examples of quasialgebras are 
the octonions and the other Cayley algebras, see [2]. Another class of examples of interest for us 
here is obtained as follows: if H is a quasi-Hopf algebra, B an associative algebra and v : H — > B 
an algebra map, then on B one can introduce a structure of algebra in h-M, denoted by B v , see 
[12] . For the particular case B = H, v = idn, the quasialgebra B v is denoted by Hq, and by 
it follows that it is actually an algebra in the Yetter-Drinfeld category ^yT>. 

A feature of quasialgebras in this sense, not available for algebras in arbitrary monoidal cat- 
egories (unless very special conditions hold, cf. [29]) is the fact that there exist several crossed 
products associated to them, which are usually associative algebras. For instance, if H is a quasi- 
bialgebra and A is an algebra in h-M., one can consider the smash product A#H introduced in 
|12j . an associative algebra generalizing the classical Hopf smash product and sharing many of 
its properties. Other examples are diagonal crossed products, L-R-smash products, two-sided 
smash and crossed products, see [13], [IT], [28] . 

These quasialgebras are also part of an emerging nonassociative geometry (cf. PQ, [5], [21]), 
regarded as a further extension of noncommutative geometry, with the "coordinate algebra" 
allowed to be nonassociative. By analogy with the associative situation, the twisted tensor 
product of quasialgebras might be regarded as a representative for the cartesian product of 
" nonassociative spaces" . 

The aim of this paper is to study certain classes of twisted tensor products of quasialgebras and 
their relations with quasi-Hopf smash products. If H is a quasi-Hopf algebra, A a left //-module 
algebra and C an algebra in the Yetter-Drinfeld category ^yT>, we consider an object denoted 
by A o C, which is a certain twisted tensor product in the category h-M. and is defined in such 
a way that if A is also an algebra in then A o C coincides with the braided tensor product 

A(&C in ^yT). We are mainly interested in the case C = Hq, so we have the left //-module 
algebra A o Hq and we want to see how is it related to the smash product A#H. For Hopf 
algebras this question has a trivial answer: A#H and AoHq coincide. This cannot be the case 
for proper quasi-Hopf algebras, because A#H is associative while A o Hq is not. The answer is 
the following: AoHq is isomorphic as left //-module algebras to {A^H) 3 , where j : H — > A#H, 
j(h) = l#h. If A is moreover an algebra in ^yD, we prove that (A#H)i becomes also an 
algebra in ^yD in a natural way and we have A(&Hq ~ (A#Hy as algebras in ^yD. 

More can be said if A is Hq itself. For this, we prove a result of independent interest: an 
algebra isomorphism B v j^H ~ B <g) H, the quasi-Hopf analogue of a well-known result from 
Hopf algebra theory (see [26J). As a consequence, we obtain Hq(&Hq ~ (H <S> H) A as algebras 
in x'y'D. As another consequence, also of independent interest, we obtain a duality theorem, 
stating that if H is a finite dimensional quasi-Hopf algebra then the two-sided crossed product 
H x H* x H introduced by Hausser and Nill in [T7] is isomorphic to End(H) g) H as algebras. 

In the last two sections we analyze some iterated products (in particular in the sense of [18] ) 
involving quasialgebras, and some universal properties. For instance, we find a relation between 
the universal property of Aj^H and the universal property of AoHq regarded as a twisted tensor 
product of quasialgebras, and we find a new kind of universal property of the smash product 
Aj^H, obtained as an immediate consequence of a very general universal property for general- 
ized diagonal crossed products (as in [13]), which we obtain inspired by the universal property 
of the diagonal crossed product H* x A, formulated by Hausser and Nill in [17J. 
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1 Preliminaries 



In this section we recall some definitions and results and we fix some notation that will be 
used throughout the paper. 

We work over a base field k. All algebras, linear spaces etc. are over k; unadorned ® 
means ®£. Following Drinfeld |16j . a quasi-bialgebra is a fourtuple (H, A, e, <£), where H is an 



associative algebra with unit 1, $ is an invertible element in H ® H ® H , and A : H ^ H H 
and e : H ^ k are algebra homomorphisms satisfying the identities (for all € H): 

(id ® A)(A(ft)) = $(A ® id)(A(ft))$~\ (1.1) 

(id®e)(A(ft)) = ft® 1, (e®id)(A(ft)) = 1 ® ft, (1.2) 

(1 ® $)(id <g> A ® id)($)($> ® 1) = (^ ® id® A)($)(A ® id ® id)($), (1.3) 

(e ® id ® id)($) = (id ® e ® id)($) = (id ® id ® e)($) = 1 ® 1 ® 1. (1.4) 



The map A is called the coproduct or the comultiplication, e the counit and $ the reassociator. 
We use the version of Sweedler's sigma notation: A(ft) = fti ® ft2, for ft £ H, with the further 
convention (A ® id)(A(h)) = ftn i) ® ft(i,2) ® ^2 and (id® A)(A(ft)) = fti ® ft(2,i) ® ft(2,2)- We 
denote the tensor components of $ by capital letters and those of <I>~ 1 by small letters: 

$ = x 1 ® x 2 ® x 3 = r 1 ® t 2 ® r 3 = y 1 ® y 2 ® y 3 = • • • 

c^" 1 = x 1 ® x 2 ® x 3 = i 1 ® i 2 ® i 3 = y l ® y 2 ® y 3 = • • • 

The quasi-bialgebra if is called a quasi-Hopf algebra if there exists an anti-automorphism S 
of the algebra H and elements a, (3 £ H such that, for all ft £ id, we have: 

S(hx)ah 2 = e(h)a and hxf3S(h 2 ) = e(h)P, (1.5) 
X 1 pS(X 2 )aX 3 = 1 and 5(x 1 )ax 2 /3S(x 3 ) = 1. (1.6) 

The axioms for a quasi-Hopf algebra imply that e(a)e(j3) = 1, so, by rescaling a and /?, we may 
assume without loss of generality that s(a) = e(0) = 1 and e o S = e. 

We recall that the definition of a quasi-bialgebra or quasi-Hopf algebra is "twist covariant" 
in the following sense. An invertible element F £ H ® H is called a gauge transformation or 
twist if (e ® id)(F) = (id ® e)(i ? ) = 1. If /d is a quasi-bialgebra or a quasi-Hopf algebra and 
_F = F 1 ® F 2 € H®H is a gauge transformation with inverse -F -1 = G 1 ® G 2 , then we can define 
a new quasi-bialgebra (respectively quasi-Hopf algebra) Hp by keeping the multiplication, unit, 
counit (and antipode in the case of a quasi-Hopf algebra) of H and replacing the reassociator, 
comultiplication and the elements a and (3 by 

§ F = (1 ® F)(id ® A)(F)*(A ® id)(F- 1 )(F' 1 ® 1), (1.7) 
A F (h) = FA(h)F-\ a F = S(G 1 )aG 2 , (3 F = F 1 (3S(F 2 ). (1.8) 

The antipode of a Hopf algebra is an anti-coalgebra morphism. For a quasi-Hopf algebra id, 
we have the following: there exists a gauge transformation f £ H ® H such that 

fA(S(h))T 1 = (S ® ,S)(A cop (ft)), for all ft 6 id. (1.9) 

The element / can be computed explicitly. First set 

A 1 ® A 2 ® ,4 3 ® A 4 = (3> ® 1)(A ® id ® id)($" 1 ), (1.10) 
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B 1 ® B 2 ® 5 3 <g> B 4 = (A ® id ® id)($)($ -1 ® 1), 



(1.11) 



and then define 7, 5 € // ® J? by 

7 = S(,4 2 )aA 3 ® ^(A 1 )^ 4 and 5 = B 1 j3S(B A ) ® B 2 (3S(B Z ). (1.12) 

Then / and / _1 are given by the formulae 

/ = (5®5)(A cop (x 1 )) 7 A(x 2 /35(x 3 )), (1.13) 
/- 1 = A(S(i 1 )ax 2 )^®S)(A mp (x 3 )). (1.14) 

Moreover, / satisfies the following relations: 

/A(«) =7, AOS)/" 1 ^, (1.15) 

and the corresponding twisted reassociator (cf. (|1.7j) ) is given by 

$ / = S(X 3 ) ®S(X 2 ) ®S(X 1 ). (1.16) 

We record also the following relation from [10], for / _1 = g 1 ® g 2 given by (11 . 14H : 

S- l {ag 2 )g l = (3. (1.17) 

Suppose that (H, A, e, <E>) is a quasi-bialgebra. If ?7, V, W are left (right) //-modules, define 
au,v,w, a u,v,w '■ (U <&V) ®W — > [7 ® (V ® W) by 0{/ ) v ) w(( , u (8) i>) ® «;) = $ • (it ® (v ® u>)) and 
a[/ j y i M/((n ® «) ® u>) = (it ® (v ® 10)) • The category (Mh) of left (right) //-modules 
becomes a monoidal category (see |19| . |21| for terminology) with tensor product ® given via A, 
associativity constraints au,v,w {&U,v,w)i unit k as a trivial //-module and the usual left and 
right unit constraints. 

Let again H be a quasi-bialgebra. We say that a fe-vector space A is a left //-module algebra 
if it is an algebra in the monoidal category hM, that is A has a multiplication and a usual unit 
1a satisfying the following conditions: 

(aa>" = (X 1 ■ a)[(X 2 ■ a')(X 3 ■ a'% (1.18) 
h- (aa') = (hi ■ a)(h 2 -a'), h ■ 1 A = e(h)l A , (1.19) 

for all a, a', a" S A and /i G //, where /i®a — > /i-a is the left //-module structure of A. Following 
|12j we define the smash product A^H as follows: as vector space Aj^H is ^4 ® H (elements 
a®h will be written a#h) with multiplication given by 

(a#h)(a'#ti) = (x 1 • a)(x 2 /ii • a')#x 3 h 2 h'. (1.20) 

The smash product A#H is an associative algebra with unit 1a#1h- 

If // is a quasi-Hopf algebra, Z? an associative algebra and v : H — » -B an algebra map, 
then, following [12] . we can introduce on the vector space B a left //-module algebra structure, 
denoted by B v in what follows, for which the multiplication, unit and left //-action are: 

b*b' = v{X 1 )bv(S(x 1 X 2 )ax 2 Xf)b'v{S{x 3 Xl)), Vb,b'eB, (1.21) 
l Bv =v(/3), ht> v b = v(h 1 )bv{S{h 2 )), V he H, be B. (1.22) 
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If H is a quasi-Hopf algebra and A is a left //-module algebra, define the following maps: 

j:H^A#H, j(h) = l#h, V h £ H, (1.23) 
i :A^A#H, i (a) = x 1 ■ a#x 2 (3S{x 3 ), V a G A. (1.24) 

Then, by [12], j is an algebra map and io is a morphism of left //-module algebras from A to 
(A#Hy . Moreover, the following universal property of the smash product A#H holds (see |12j . 
Proposition 2.9): if B is an associative algebra, v : H — > /? is an algebra map and u : A — > B v is 
a morphism of left //-module algebras, then there exists a unique algebra map uj^v : Ajj=H — > /? 
such that (u#v) o i = u and (u#v) o j = v; this map may be described explicitely as follows: 

(u#v)(a#h) = v(X 1 )u(a)v(S(X 2 )aX 3 h), V a G A, h £ H. (1.25) 

We record the following relation from |12j . which holds in (A^H) 3 for all a G A, h G //: 

*o(o) * = x 1 • a#x 2 hS{x 3 ). (1.26) 

We recall now the invariance under twisting of the smash product (see for instance |10j , |12| , 
|22j). Let H be a quasi-bialgebra, F G H ® // a gauge transformation and j4 a left //-module 
algebra. Then we can define a new multiplication on A, by a • a' = (G 1 ■ a)(G 2 ■ a'), for all 
a, a' G A, where F^ 1 = G 1 ® G 2 . If we denote by Ap-i the resulting structure, then Ap-i 
becomes a left Z/p-module algebra, with the same unit and //-action as for A, and moreover the 
map 7T : A^H — > Ap-i#Hp, Tr(a#h) = Z 71 • a#F 2 h, is an algebra isomorphism. 

For further use we need also the notion of right //-module algebra. Let H be a quasi-bialgebra. 
We say that a ^-linear space B is a right //-module algebra if B is an algebra in the monoidal 
category A4h, i-e. Z? has a multiplication and a usual unit 1b satisfying the following conditions: 

(bb')b" = (b ■ x 1 )^ ■ x 2 )(b" ■ x 3 )], (1.27) 
(bb')-h = {b-h 1 )(b' -h 2 ), l B -h = e{h)l B , (1.28) 

for all b, b' , b" G B and /i G //, where 6 ® fa — > b ■ h is the right //-module structure of /?. 
Recall from |17j the notion of comodule algebra over a quasi-bialgebra. 

Definition 1.1 Let H be a quasi-bialgebra. A united associative algebra 21 is called a right H- 
comodule algebra if there exist an algebra morphism p : 21 — > 21 ® H and an invertible element 
®p G 21 ® H ® H such that: 

$p(p®id)(p(a)) = (id®A)(p(a))$ p , V a G 21, (1.29) 

(l a ® ® A ® id)($ p )(<I> p ® 1^) = (id ® id ® A)(* p )(p ® »rf ® mJ)($ p ), ( L30 ) 

(id®e)op = id, (1-31) 

(id ® e ® id)($ p ) = (*d ® id ® e)($ p ) = la ® 1//- (1-32) 

Similarly, a unital associative algebra 23 is called a left H-comodule algebra if there exist an 
algebra morphism A : 23 — > H ® 23 and an invertible element <3> A G // ® ZZ ® 95 suc/i £/iai: 

(id® A)(A(b))$ A = $ A (A®id)(A(b)), VbG23, (1.33) 

(1# ® $ A )(id ® A ® zd)($ A )($ ® I®) = (id ® id ® A)($ A )(A ® id ® id)($ A ), (1-34) 

(e ® id) o A = id, (1.35) 

(id ® e ® id)($ A ) = (e ® id ® id)($ A ) = 1# ® 1«b. (1.36) 
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When H is a quasi-bialgebra, particular examples of left and right //-comodule algebras 
are given by 21 = 23 = H and p = X = A, & p = <fr\ = Another basic example of a 
comodule algebra is provided by the smash product. Namely, if A is a left H- module algebra, 
then (A#H, p,& p ) is a right //-comodule algebra with structures (cf. |12j): 

p : A#H -> {A#H) ® //, p(a#/i) = (x 1 • a#x 2 hi) ® x 3 h 2 , 
$ p = (1#X X ) ®I 2 ®I 3 £ (A#H) ® // ® //. 

For a right //-comodule algebra (21, p, <3? p ) we will denote, for any a E 21, by p(a) = a<o> ® a<i>, 
(p ® id) (/9(a)) = a<o,o> ® <*<o,i> ® a<i> etc. Similarly, for a left //-comodule algebra (23, A, <1>a), 
if b € 23 then we denote A(b) = br_ ^ ® b[ ], (id® A)(A(b)) = br_i] ® bm,— i] ® b[o,o] e ^ c - I n analogy 
with the notation for the reassociator of H, we will write 

<& p = x x p ® x 2 ® x p 3 = y; ® y p 2 ® y p 3 = • • • 

$ p 1 = x\ ® i 2 ® £ 3 = ® y 2 ® y 3 = • • • 

and similarly for the element <&a of a left //-comodule algebra 23. 

If 21 is a right //-comodule algebra then we define the elements p p , q p G 21 ® H as follows: 

P P = Pp®P 2 = x p ®x 2 /?5(x 3 ), g p = ^®g 2 = A > p ®,S- 1 (a^)^p. (1-37) 
By |17} Lemma 9.1], we have the following relations, for all a £ 21: 

p(a<o>)p P [la ® 5"(a<i>)] = Pp[a ® Iff], (1-38) 

[1st ® 5- 1 (a<i>)]9pP(a<o>) = [a ® l H ]q P , (1-39) 

p(?J)p,[la ® ^(^ )] = la ® Iff, (1-40) 

[la ® S _1 (p?)]?pP(pi) = 1^® 1//, (1.41) 
$ p (p ® id H )(p p )(p p ® id#) 

= (ida ® A)(p(zJ)p„)(l a ® g^^) ® 5 2 S(x 2 )), (1.42) 
(<7 P ® lff)(p® id^X^)^ 1 

= [1st ® S" 1 ® S-H/ 1 ^)]^ ® A)(g>(X p )), (1.43) 

where f~ l = g 1 ® # 2 is given by fjl . 14j) . If 21 is H itself, the elements p p , q p € H ® // are denoted 
by and qn and are given by the formulae 

p R =p 1 ®p 2 = x 1 ®x 2 [3S(x 3 ), q R = q l ®q 2 = X 1 ®S- l (aX 3 )X 2 . (1.44) 

The next definition appeared in [17J under the name "quasi-commuting pair of //-coactions" . 

Definition 1.2 Let H be a quasi-bialgebra. By an H-bicomodule algebra A we mean a quintuple 
(A, p, & p , $A,p); where A and p are left and right H-coactions on A, respectively, and where 
&\ £ H ® H ® A, <I> p eA®//®// and G // ® A ® // ore invertible elements, such 
that (A, A,3>a) is a Ze/it H -comodule algebra, (A,p,<f> p ) is a right H -comodule algebra and the 



following compatibility relations hold: 

<f>X, p (\®id)(p(u)) = (id® p)(A(u))$A,p, VnG A, (1.45) 

(Iff ® ^A,p)(id ® A ® id)($A,p)($A ® Iff) = (id ® id ® p)($ A )(A ® id ® id)($ A , P ), (1-46) 

(1 H ® $ p )(id ® p ® id)($ A ,p)(^A,p ® Iff) = (id ® id ® A)($ AjP )(A ® id ® id)($ p ). (1.47) 
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As pointed out in [T7], if A is a bicomodule algebra then, in addition, we have that 

(id H ®idA®e)($\, P ) = 1h ® U, (e ® »c*A ® id H )($\, P ) = U ® Iff- (1-48) 

An example of a bicomodule algebra is A = If, A = p = A and <J>a = = $A,p = For the 
left and right comodule algebra structures of A we will keep the same notation as above. We 
also denote $ AjP = 6 1 ® G 2 ® 9 3 = 6 1 ® 9 2 ® 9 3 and = 1 <g> # 2 ® fl 3 = t ® # 2 ® # 3 . 

Let us denote by h-Mh the category of fi-bimodules; it is also a monoidal category, the 
associativity constraints being given by a u,v,w '■ (U ® V) ® W — > U ® (V ® W), a £/,V,w((^ ® 
u) ® w) = $ • (u ® (f ® it;)) • $ -1 3 for U,V,W € ff.A4.ff and a £ (7, d € V, w G W. Therefore, we 
can define algebras in the category of ff-bimodules, which will be called ff-bimodule algebras. 
Namely, a fc- vector space A is an if-bimodule algebra if A is an fi-bimodule (denote the actions 
by h ■ (p and ip ■ h, for h & H and 99 € .4) with a multiplication and a usual unit 1_4 such that: 

(<piP)Z = (X 1 ■ <p ■ x 1 )^ 2 ■ ?P ■ x 2 )(X 3 ■ £ ■ x 3 )}, V^^.^A (1.49) 

h-(ipi;) = (h 1 -(p)(h2-ip), ((f»l>) -h = {<p-h 1 )(i>-h 2 ), V <p,i) e A, h e H, (1.50) 
/i- 1.4 = e(/i)U, U • /t = e(h)l A , V/tGff. (1.51) 

If if is a quasi-bialgebra then H*, the linear dual of H, is an if-bimodule with fi-actions 

< h — * /i' >= ipih'K) and < (p h,hf >= cp(hh'), for all </? G if*, /i, /i' E if. The convolution 

< ipifj,h >= Y2 l p(hi)^(h2), for ip,ip £ if* and h € H, is a multiplication on if*, and with this 
multiplication if* becomes an fi-bimodule algebra. Note that a left (right) H -module algebra 
becomes also an fi-bimodule algebra, with trivial right (left) if-action. Unlike the case of 
ordinary bialgebras, an if-bimodule algebra is not necessarily a left or right fi-module algebra, 
for instance there is no visible left or right if- module algebra structure on if*. 

We recall from [23] the definition of (left) Yetter-Drinfeld modules over a quasi-bialgebra if. 

Definition 1.3 A k-linear space M is called a left Yetter-Drinfeld module over if if M is a left 
if -module (with action denoted by h ® m 1— > h ■ m) and H coacts on M to the left (the coaction 
is denoted by Am : M — > H ® M, AmM = m (-i) ® m (o)) such that 

A 1 m ( _ 1) ® (X 2 • m (0) ) ( _ 1) A 3 ® (X 2 • m (0) ) (0) 

= X^Y 1 ■ m) { _ lh Y 2 ® X 2 (Y l • m) ( _ 1)2 y 3 ® A 3 • (Y 1 • m) (0) , (1.52) 

e(m(_ 1 ))m (0 ) = m, (1.53) 

/iim(_i) ® /12 • "i(o) = (^1 • "i)(-i)^2 ® • ra)(o)> (1-54) 

/or all m £ M and h € if. TTie category ^yT> consists of such objects, the morphisms in the 
category being the H-linear maps intertwining the H-coactions. 

The category ^yV is (pre) braided monoidal; explicitly, if (M, Am) and (N, Ajv) are objects 
in ^yV, then (M ® A, \m®n) is also object in ^3^, where M ® A is a left fi-module with 
action h ■ (m ® n) = foi • m ® hi ■ n, and the coaction \m®n is given by 

Am®tv(™ ® n) = A 1 ^ 1 ^ 1 • m) { _ 1) x 2 (Y 2 ■ n) ( _ 1} Y 3 ® A/ 2 • (x 1 ^ 1 • m) (0) 
®XV-(Y 2 -n) {0) . 

The associativity constraints are the same as in hAI, and the (pre) braiding is given by 

cm,n '■ M ® N — > A ® M, CM,N{fn ® n) = • n ® m(o)- 
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Since #3-^ is a monoidal category, we can speak about algebras in ^yT>. Namely, if A is an 
object in ^yD, then A is an algebra in ^yD if and only if A is a left //-module algebra and 
A is a left quasi-comodule algebra, that is its unit and multiplication intertwine the //-coaction 
Xa, namely (for all o, a' € A): 

X a (1a) = 1h®1a, (1-55) 
X A {aa') = X 1 (x 1 Y 1 ■ a) { _ x) x 2 {Y 2 • a') { _ 1} Y 3 

®[X 2 ■ (x l Y l ■ a) (0) ][X 3 x 3 ■ (Y 2 ■ o')( )]. (1-56) 

If H is a quasi-Hopf algebra, we can consider the algebra map idu : H — ► H and then the 
left //-module algebra H ld , which was denoted by Hq in [12]; its unit is (3, the //-action is 
h>h' = h\h'S(h 2 ), and the multiplication is h*ti = X 1 hS(x 1 X 2 )ax 2 X 3 tiS(x 3 X$). Moreover, 
it was proved in [TT] that Ho becomes an algebra in %yT>, with coaction Xh ■ Hq — ► H ® Hq, 

X Ho (h) := /»(_!) ® h {0) = X^hfStfYfiY 3 ® X 2 Y 2 1 h 2 g 2 S(X 3 q 1 Y 2 ), 

where / _1 = g 1 ® g 2 is given by ()1.14|) and qa = q 1 ® q 2 is given by (jl.44p . 

Let H be a quasi-bialgebra, A a left //-module algebra and 25 a left //-comodule algebra. 
Denote by Ax'R the fe-vector space A ® 2? with multiplication: 

(aKfi)(a'Ki)') = (xj • a)(x|b[_ij • a')Kxf b[ 0] b', Va,a'ei, b,b'e25. 

By [9], >1^<25 is an associative algebra with unit l^^ltg, called the generalized smash product 
of A and 25 (it coincides with the usual smash product if 2? = H). 

We recall the so-called L-R-smash product, introduced in [28] as a generalization of the 
cocommutative case from [7J, [8]. Let H be a quasi-bialgebra, A an //-bimodule algebra and A 
an //-bicomodule algebra. Define on A ® A the product 

(¥> t| w)(¥>' t| «') = (»a • • eZu '<i> i2 p){x\u[-i]0 l ■ if' ■ x 3 p ) \ x 3 x u [0] e 2 u <0> xl (1.57) 

for (p,(p' € A and u, v! € A, where we write <p \ u in place of 9? ® u to distinguish the new 
algebraic structure. Then this product defines on A ® A a structure of associative algebra with 
unit 1a \ 1a> denoted by ^4 t] A and called the L-R-smash product. Note that if the right in- 
action on A is trivial then A \ A coincides with the generalized smash product «4^<A. 

If H is a quasi-Hopf algebra, A an //-bimodule algebra and A an //-bicomodule algebra, 
there exists another associative algebra structure built on A ® A, which was introduced in [13] 
under the name generalized diagonal crossed product (for A = H* it gives the diagonal crossed 
product introduced by Hausser and Nill in [17]). It is constructed as follows. Define the element 

n = (xlx^xie 1 ® (xl^xle 2 ^ ® (xl) m x 3 x 2 o] ® s- l (f l x 2 p e 3 ) ® s-Hf 2 x 3 p ) (i.58) 

in H® 2 ® A ® F® 2 , where $ p = X p ® ® X^, = x\ ® x| ® , = 6* 1 ® 6> 2 ® 6> 3 and 
/ = Z 1 ® / 2 is the twist defined in (|1.13p . Then define a multiplication on A ® A, by: 

(99 M u )(<// m u ') = (n 1 ■ ip ■ fi 5 )(O 2 u <0>[ _ 1] • if' ■ S , - 1 (n < i>)S7 4 ) dx n 3 u <0>[0] u', (1.59) 

for all </?, ip' £ A and it, it' € A, where we denoted Q, = Q, 1 ® ... ® f2 5 . Then this multiplication 
defines an associative algebra structure with unit 1a ix 1a , which will be denoted by A IX A. 
Note that, as in the case of the L-R-smash product, if the right //-action on A is trivial then 
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A to A coincides with the generalized smash product A^<A. 

It was proved in [28] that actually A \ A and A X A are isomorphic as algebras, a pair of 
algebra isomorphisms v : A\^ K ^> A \ K and z/ —1 : A \ A — > A to A being given by 

^ m u) = e 1 • <p • 5- 1 (e 3 )^e 2 <1>n<1> \ ^g 2 <0>u<0 >, (i.eo) 

i/" 1 ^ \u) = 6 1 ■ <p • 5- 1 (e 3 U<1> p2) M 2 u< o>pj, (1.61) 

for all G A u G A, where Mp = pi ® p 2 p and q p = q p ® q 2 are the elements given by (jl.37p . 

We recall now several facts about twisted tensor products of algebras in monoidal categories 
(see for instance [15] . [3T]). Let C be a monoidal category with associativity constraints auy,w '■ 
(U ® V) ® W — > f7 ® (V ® W) and unit /. If j4 is an algebra in C we denote its multiplication 
by ha '■ A ® ^4 — ► A and its unit by tja ■ I — ► A. Let (A, ha,Va) and (B, hb^b) be two algebras 
in C and i?:£?®^4^^4®i?a morphism in C. We call i? a twisting map between ^4 and B if 
the following conditions hold: 

Ro (ids ®??a) = rjA^ids, R (?7b ® ^a) = &<^A ® f/B, (1-62) 

-R ° (MB ® ^a) = (^A ® Mb) OA,B,B ° (-R ® ^b) a~B l ,A,B 

o(ids ® -R) o clb,b,a, (1.63) 
-R o (ids ® ma) = (ma ® irfs) ° a A^A,B ° ® -R) o oa,b,a 

o(i? ® id^) ° a B^4,A- ( L64 ) 
Given such a twisting map, A® B becomes an algebra in C, with multiplication 

M = (ma ® Mb) ° a^A^B ° ( id A ® oa,b,b) ° (^A ® -R ® id B ) 

o(id A ® Ob!a,b) ° a A,B,A®B (1-65) 

and unit = tja ® ?7b • This algebra structure on ^4 ® £? will be denoted by A ®^ £> and will be 
called the twisted tensor product of A and B afforded by the twisting map R. It has moreover 
the property that the morphisms ia '■= zc^a ® Mb ■ A — > A®^£? and z# := tja® ids '■ B — ► y4®#.B 
are morphisms of algebras in C. 

If c^y : J7 ® V — >y®C/isa braiding on C, then for any two algebras A and -B in C, the map 
R = cb,a : B <gi A — > j4 ® is a twisting map, and in this case A ®# B is denoted by A®B and 
is called the braided tensor product of A and B (relative to the braiding c). 

If A ®# S is a twisted tensor product of algebras in C, it has the following universal property 
(see [6], |14]): if (X, /ix,i]x) is an algebra in C and it : A — > X and v : -B — > X are morphisms 
of algebras in C such that 

Mx (u ® R = Mx (w ® u), (1.66) 

then there exists a unique morphism u> : ®# £? — » X of algebras in C such that uu o i a = u and 
w o i B = v. This morphism u> is given explicitely by w = mx ° ( u ® 

2 Twisted tensor products of quasialgebras 

Proposition 2.1 Lei H be a quasi-bialgebra, A an H-bimodule algebra and A an algebra in 
^yV. We regard A as an H-bimodule algebra with trivial right H-action. Define the map 

R:A®A^>A®A, R(a ® ip) = 0(_i) • (f ® a (0) , V a G A (p G A (2.1) 
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Then R is a twisting map between A and A in the monoidal category u-M-h- We will denote by 
A A the H -bimodule algebra A 0_r A, the twisted tensor product of A and A in h-M-h- 

Proof. The fact that R is right //-linear is obvious, and the fact that it is left //-linear follows 
immediately from (jl,54p . so indeed R is a morphism in h-M-h- The relations (jl,62p follow 
immediately from (|1.53|) and (|1.55|) . The relation (|1,63|) reduces to (|1.56p . while the relation 
(Oil) reduces to (fL52l) . □ 

Remark 2.2 The explicit structure of A A is the following: the unit is 1a 1a, the left 
H-action is h ■ {(p a) = h\ ■ (f h,2 • a, the right H-action is (ip a) ■ h = cp ■ h a, and the 
multiplication is (by 111.65]) ): 

{<p®a)(<p' ®a') = {y 1 X 1 ■p)(y 2 Y 1 {x 1 X 2 ■a) ( _ l) x 2 Xl- V ') 
®(y 3 Y 2 ■ (x x X 2 ■ a) {0) )(y 3 2 Y 3 x 3 Xl ■ a'). 

We will be mainly interested in the following particular case of Proposition 12.11 

Corollary 2.3 Let H be a quasi-Hopf algebra, A a left H-module algebra and Hq the algebra 
in j^yD as in the Preliminaries. Define the map R : Hq A — > A Hq, 

R{h a) = • a hp) = X 1 Ylh 1 g 1 S(q 2 Y£)Y 3 ■ a X 2 Y^h 2 g 2 S(X 3 q 1 Y^). (2.2) 

Then R is a twisting map between A and Hq in the monoidal category h-M. We will denote by 
AoHq the left H-module algebra A 0# Hq, the twisted tensor product of A and Hq in hM. Its 
unit is 1a P, the H-action is h- (a h r ) = hi ■ a h-z > h', and the multiplication is 

(a0/i)(a'0/ l / ) = {y 1 X 1 ■ a)(y 2 Y 1 (x 1 X 2 > h) { _ 1) x 2 Xf -a) 

®{y\Y 2 > {x x X 2 > h) m ) * (y 3 2 Y 3 x 3 X 3 > ti). 

More generally, if C is a left //-module algebra and A is an algebra in ^yT>, then C A is a 
left //-module algebra, which will be denoted by C o A. 

Since the braiding in ^yT> is given by m n 1— > m(~X) ' n ® m (o)) we obtain: 

Corollary 2.4 Let H be a quasi-Hopf algebra and A an algebra in ^yT>. Then the left H- 
module algebra A o Hq is actually an algebra in %yT> and it coincides with the braided tensor 
product A®Hq in ^yT>. 

As another class of examples of twisted tensor products of quasialgebras, we present the 
quasialgebra analogue of the so-called Clifford process, cf. [3], [32]. Let A be a (not necessarily 
associative) algebra over k with unit 1, let q E k be a nonzero fixed element and a : A — > A 
an involutive unital algebra automorphism. We denote by C(k, q) the 2-dimensional associative 
algebra k[v]/(v 2 = q). We define the linear map 

R : C(k,q) ® A ^ A® C(k,q), R(l a) = a 1, R(v a) = a {a) v, (2.3) 

for all a € A. The Clifford process associates to the pair (A, a) a (not necessarily associative) 
algebra structure built on A C(k, q), with multiplication 

(a 1 + b v )(c 1 + d v) = {ac + qba(d)) 1 + (ad + ba(c)) v, (2.4) 
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for all a, b,c,d E A. This algebra structure is denoted by A. Moreover, the linear map 

a:A^A, a(a <g> 1 + b ® v) = a{a) ® 1 - a(b) <g> Va.ki, 

is an involutive unital algebra automorphism for A. It is clear (cf. [3]) that if ^4 is associative 
then A is also associative, as in this case R is a twisting map and A is the twisted tensor product 
A = A® R C(k,q). 

Consider now the initial data for a Clifford process, and assume that A is a left module algebra 
over a quasi-bialgebra H and a is If -linear. We regard C(k, q) as a left //-module algebra with 
trivial //-action. Then one can see that the map R given by (12. 3|) is a twisting map between 
A and C(k, q) in the monoidal category h-M, and so A = A <8)_r C(&, g) is also a left //-module 
algebra. It is also clear that the extended involutive automorphism a is //-linear too. 

Dually, a similar result holds if A is a comodule algebra over a coquasi-bialgebra. In partic- 
ular, if G is a group and A is a G-graded quasialgebra as in [2] and a is a graded involutive 
automorphism of A, then ^4 is also a G-graded quasialgebra. 

We emphasize an important conceptual difference between the associative and quasiassociative 
versions of the Clifford process. In the associative case (and assuming char(k) ^ 2), as noted in 
[2], the algebra A becomes a Z 2 -graded algebra and the twisted tensor product A <S)r C(k,q) is 
actually a braided tensor product, i. e. the twisting map R is obtained from the canonical braid- 
ing c(x (8 y) = (— l)NMy (g) x of the category of Z 2 -graded vector spaces. In the quasiassociative 
case, the twisting map R given by (|2.3f) does no£ seem to come from any braiding. 

3 An isomorphism A o Hq ~ (A#Hy of algebras in # .M 

Lemma 3.1 Lei H be a quasi-Hopf algebra and A a left H-module algebra. Then for the maps 
j and iq given by U.23\) and \1.2J$ the following relation holds, for all h S H and a £ A: 

j(h) * io(a) = ioOr 1 Xlh 1 g 1 S(T 2 X*)aa' 3 X 3 • a) * j^X^^Y 3 ^* 2 )), (3.1) 

where f~ l = g 1 <8> g 2 is gwen fry Ji.i^| ) and * is t/ie multiplication in (A#H)i . 

Proof. We compute: 

(l#/i) * (x 1 • a#x 2 fiS{x 3 )) 
(l#X l )(l#h){l#S(y l X 2 )ay 2 X 3 ) 
(x 1 -a#x 2 f3S{x 3 )){l#S{y 3 X 3 )) 
XlhxStfX^axylxl^x 1 ■ a 
#X l 2 h 2 S(y l X 2 ) 2 a 2 y 2 X 3 12) x 2 (3S(y 3 X 3 x 3 ) 

Xlh^SiylxD^y^X 3 ■ a 
#X 2 1 / l25 2 5(y 1 1 X 1 2 ) 7 2 y 2 2 x 2 X ( 3 2il) /35(X ( 3 2i2) )5(y 3 x 3 ) 

X\h l g 1 S{T 2 t\ylX 2 )aT 3 t 2 y 2 x l X 3 ■ a 
#X l 2 h 2 g 2 S{T l t\y\X 2 )at 3 y 2 x 2 f3S(y 3 x 3 ) 

Xlh ig l S{T 2 X 2 )aT 3 X 3 ■ a#X l 2 h 2 g 2 S(T l X 2 )S{y l )ay 2 l3S(y 3 ) 
X\h l g 1 S{T 2 X 2 )aT 3 X 3 • a#X 2 1 / l2 o 2 5(T 1 X 2 ) 
i Q {Y 1 X\h x g x S{T 2 X 2 )aT 3 X 3 ■ a) * j(Y 2 X 1 2 h 2 g 2 S(Y 3 T 1 X 2 )), 



j(h) * i (a) 



Jl.5lll.12fc 
JQ61 



ii 



finishing the proof. 



□ 



Proposition 3.2 Let H be a quasi-Hopf algebra and A a left H -module algebra. Then the map 
II : AoHq — ► (A#H) 3 , II(a<g)/i) = x 1 -a#x 2 hS(x 3 ), for all a € A and h £ H, is an isomorphism 
of left H-module algebras. 

Proof. Note first that II is bijective, with inverse given by n _1 (a#/i) = X 1 ■ a <gi X 2 hS (X 3 ) . For 
proving that II is a morphism of left -H-module algebras, we will use the universal property of 
AoHq as a twisted tensor product of algebras in h-M. Namely, we know that i$ : A — > {Afj^H) 3 
is a morphism of left .H-module algebras, and it is easy to see that j : Hq — > (A#H) 3 is also a 
morphism of left .H-module algebras. Moreover, the relation (jl.66p reduces in this case exactly to 
(|3.ip . We can thus use the universal property of AoHq, which provides a morphism w : AoHq — > 
(A#H) 3 of left -H-module algebras, which is moreover given by w(a®h) = io(a)*j(h). Relation 
(|1.26p shows that actually we have w = U, finishing the proof. □ 

As an application of Proposition 13.21 we will prove a certain kind of invariance under Drinfeld 
twisting for the -H-module algebra AoHq. We recall first the following results from [27 \: 

Lemma 3.3 (\2T$ ) Let H be a quasi-Hopf algebra, B, C associative algebras, rj : B —* C , 
j : H — > B, v : H —* C algebra maps such that rj o j = v. Then the map rj : B 3 —* C v is a 
morphism of left H-module algebras. 

Proposition 3.4 (\27$ ) Let H be a quasi-Hopf algebra, F € H <S> H a gauge transformation, B 
an associative algebra, v : H — > B an algebra map, which will be denoted by vp when considered 
as a map from Hp to B. Then the map 

if; : (B v ) F -i -^B VF , i(j(b) = v(F 1 )bv(S(F 2 )), VbeB, 

is an isomorphism of left Hp-module algebras. 

We can state now the desired result. 

Proposition 3.5 Let H be a quasi-Hopf algebra, F € H H a gauge transformation and A a 
left H-module algebra. Then (A o Hq) f -i ~ Ap-i o (Hp)o as left Hp-module algebras. 

Proof. We denote as before by j : H — > A#H, j(h) = ljfh, and by jp the same map when 
considered as a map from Hp to Af^H or to A F -i#Hp. Since obviously the algebra isomor- 
phism 7r : Aj^H ~ Ap-\j^Hp, 7r(a#/i) = F 1 ■ a#F 2 h, satisfies n o j F = jp, we obtain that 
(A#H) 3F ~ (A F -i#Hp) 3F as left -Hp-module algebras, by using Lemma [3.31 On the other 
hand, by Proposition 13.41 we obtain that ((A#H) 3 ) F -i ~ (A#H) 3F as left -Hp-module al- 
gebras. Now by Proposition 13.21 we have A o Hq ~ {Afj^H) 3 as left -H-module algebras and 
Ap-io(Hp)o — (Ap-i#H F ) 3F as left -Hp-module algebras. It is also easy to see that if B and C 
are isomorphic left -H-module algebras then B F -i and C F -i are isomorphic left -Hp-module al- 
gebras. Using all these facts we finally obtain that (AoHq) f -i and ^4p-io(-Hp)o are isomorphic 
as left .Hp-module algebras. □ 
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4 An isomorphism A®Hq ~ (A#Hy of algebras in 

We have seen in the previous section that, if H is a quasi-Hopf algebra and A is a left H- 
module algebra, then the map IT : A o H — ► (A#Hy, U(a (g) /i) = x 1 • a#x 2 hS(x 3 ), is an 
isomorphism of left //-module algebras. If we assume that ^4 is moreover an algebra in j^yD, 
in which case ^4oi/o becomes the braided tensor product A®Hq, an algebra in %yT> , then we 
intend to show that (A#Hy becomes also an algebra in ^yT) in a natural way and II becomes 
an isomorphism of algebras in ^yT>. We begin with a result of independent interest. 

Proposition 4.1 Let hi be a quasi- bialgebra and A an algebra in ^yD. Then (A#H, A, &\) is 
a left H-comodule algebra, with structures: 

A : A#H ^H® (A#H), X(a#h) = T 1 ^ 1 ■ a) ( _ 1) t 2 /ii ® (T 2 • (t 1 ■ a) (0) #T 3 t 3 h 2 ), 
$ A = X 1 <g> X 2 ® (1#X 3 ) Eff^ff® (A#fT). 

Proof. We first check that A is an algebra map. It is easy to see that A is unital, so we only 
check that it is multiplicative. We compute: 

\((a#h)(a'#h')) = A((z x • a)(z 2 /ii • a')#z 3 h 2 h') 

T l [(t\z l ■ a)(t\z 2 h x ■ a!)\_ x) t 2 z\h {%1) h\ 

®T 2 ■ [(tlz 1 ■ a){t\z 2 h x ■ a% Q) #TH 3 zlh {2j2) h' 2 

T l [(t l y l ■ a^yh 1 ^ • aO] ( -i)iWV,i^i 
0T 2 • [(t^ 1 • a^yfx 1 ^ • a')] (0) #T 3 y 3 x 3 h (2 , 2) ti 2 

T^OV • a) { _ l) z 2 (y{h { i )l) x l ■ a')(-i)2/lfyi, 2 )X 2 /ti 
®[T 2 X 2 • {z l y l ■ a) {0) ][T 2 X 3 z 3 ■ (yfh^x 1 • a') {0) ]#T 3 y 3 h 2 x 3 h' 2 

®[T 2 X 2 • ( z y • o) (0) ][3fxV^/i (1>2) • (x 1 • a') {0) ]#T 3 y 3 h 2 x 3 h' 2 
T l X l {y\z l ■ a) i _ 1) y l 2 z 2 Z l h {1:1) (x 1 ■ tfy-i)* 2 **! 
0[T 2 X 2 • (y x V • a) (0) ][3f XV^i^ 2 /»(i^) • (^ • «)(o)] 



jl.56lll.lt 



JL541 



#T 3 y 3 zlZ 3 h 2 x 3 h' 2 



T l X 1 y\(z 1 ■ a)(_ 1) 2: 2 Z 1 /i( lil) (x 1 • a')(-i)X 2 /i' 1 
®[T 2 X 2 yi • (z 1 ■ a) {0) ][T 2 X 3 y 2 z 3 Z 2 h {h2) ■ (x 1 • a')(o)] 
#T 3 y 3 zfZ 3 /i 2 x 3 /i 2 
OJO T l (z i . a){ _ 1)Z i hlZ \ x ^ • aO^DX 2 ^ ® [y l T 2 • (z 1 • a) (0) ] 
[y 2 T 1 3 z 1 3 / i(2il) Z 2 • (x 1 • a') {0) ]#y 3 T 3 z 3 h (2j2) Z 3 x 3 ti 2 
[T^z 1 • a) { _ 1) z 2 h 1 (T 2 • (z 1 • a) (0) #T 3 z 3 /i 2 )] 
[Z l {x l ■ a')(_i ) x 2 /i' 1 (8) (Z 2 • (x 1 • a , ) (0 )#Z 3 x 3 /i 2 )] 
\(a#h)\(a'#ti), q.e.d. 

Now we check (jl.33p . We compute: 
(id® A)(A(a#/i))$ A 

= [T 1 ^ 1 • a)^* 2 ^ X^x 1 ^ • (t 1 • a) (0) ) ( _ 1) x 2 T 3 t 3 / l(2il) 
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®X 2 ■ (x'T 2 ■ (t 1 ■ a ) m ) {0) #X 3 x 3 T 3 t 3 h {2)2) }^ x 

D [Y^^Kt 1 • a) ( _ 1) t 2 /n ® X 1 {Y?Z 2 x\ ■ (t 1 • a) (0) ) ( „ 1) y 2 2 Z 3 x 2 t 3 / i(2il) 

®X 2 ■ {Y 2 Z 2 x\ ■ (t 1 ■ a) m ) {0) #X 3 Y 3 x 3 t 3 h {2>2) }^ x 

Y 1 Z 1 x\(t 1 ■ a) ( _ 1) t 2 /i 1 T 1 ® X^Z 2 ^ ■ (t 1 • a) {0) ) { _ 1) Z 3 x 2 t 3 1 h {2A) T 2 

®X 2 y 2 2 • (Z 2 x\ ■ (t 1 ■ a) {0) ) {0) #X 3 Y 3 x 3 t 3 h {2)2) T 3 
GJ) ^MC* 1 • a) ( _ 1) t 2 T 1 / i{1)1) ® X^^x* • (t 1 • a) i0) ) { _ 1} Z 3 x 2 t 3 T 2 h ilt2) 

®X 2 Y 2 ■ {Z 2 x\ ■ (t 1 ■ a) {0) ) {0) #X 3 Y 3 x 3 t 3 T 3 h 2 

D r^^K^z 1 * 1 • aX^zHlh^ ® X l Y 2 {Z 2 x\ ■ (TfzH 1 ■ o) (0) )(_i) 
Z 3 x 2 T 2 z 3 ^/i (1)2) ® X 2 y> 2 • (Z 2 x£ • (T^H 1 • a) {0) ) (0) #X 3 Y 3 x 3 T 3 t 3 h 2 

™ . a)( _ i)Z 2 t 2 h(iA) g, X i yi 2( Z 2 . . a) (0) ) ( _ 1) Z 3 z 3 t 2 / l(lj2) 

®x 2 y 2 2 • (Z 2 • (zV • a) (0) ) (0) #X 3 y 3 i 3 /i 2 

<™ yiz^t 1 . ) ( _i )l i?/» ( i,i ) ® X^Z^t 1 • a) ( _ 1)2 i 2 h (1 , 2) 

®x 2 y 2 2 z 3 • (t 1 • a) {0) #x 3 y 3 i 3 /i 2 

°? X 1 ^ 1 • a) hl)l tlh {1>1) ® X 2 T 2 V • a) ( _ 1)2 t 2 / l(li2) ® XfT 2 • (t 1 • a) {0) 
#X|T 3 t 3 /i 2 
= $ A (A® id)(A(a#/i)), g.e.d. 
The conditions (|1.34|) . (|1.35p and (jl,36p are easy to check and are left to the reader. □ 

Definition 4.2 Let H be a quasi-bialgebra and (03, A, &\), (£, /J-,&n) two left H-comodule alge- 
bras. A morphism of comodule algebras from 03 to <£ is an algebra map u : 03 — > £ suc/t i/ioi 
$ M = (idj? ® id// ® v){&\) and [i ov = [idu ® f) A. 

Remark 4.3 If H is a quasi-bialgebra, A is an algebra in j^yD and we consider the left H- 
comodule algebra A#H as in Proposition \4-l\ then one can easily see that the map j : H — > 
A#H, j(h) = l#h, is a morphism of left H-comodule algebras. 

The next result is a generalization of the fact, proved in [TT], Proposition 2.5, that Hq is an 
algebra in ^yD\ the proof is similar to the one in [11] and will be omitted. 

Proposition 4.4 If H is a quasi-Hopf algebra, (03, A, &\) a left H-comodule algebra and v : 
H — > 03 a morphism of H-comodule algebras, then *B V becomes an algebra in ^yD with coaction 

W^H®*\ b » X 1 y 1 1 b [ _ 1]5 1 5(g 2 y 2 2 )y 3 ® v(X 2 Y 2 l )b m v(g 2 S{X 3 q l Y 2 )), 

where / _1 = g 1 ® g 2 is given by {1. 14\ ) and qn = q 1 ® q 2 = Z 1 ® S~ 1 (aZ 3 )Z 2 . Moreover, the 
map v : Hq — > 03" is a morphism of algebras in ^yD . 

As a consequence of these results, we obtain: 

Corollary 4.5 Let H be a quasi-Hopf algebra and A an algebra in %yT>. Then (A#Hy becomes 
an algebra in ^yD, with coaction \(a#h)j '■ (A#Hy ~~ > H ® (A#H)i , 

\A#Hy(a#h) = X X Y£T X {£ ■ a) { _ l) t 2 h 1 g 1 S{q 2 Y 2 )Y 3 ® [XfY^T 2 ■ (t 1 ■ a) {0) 
#X 2 Yl 22) T 3 t 3 h 2 g 2 S{X 3 q 1 Y 2 )}, 

and the map j : Hq — > (A#Hy is a morphism of algebras in ^yV. 

14 



Lemma 4.6 Let H be a quasi-Hopf algebra and A an algebra in WyD. Then i$ is a morphism 
of algebras in ^yV from A to (A#Hy . 

Proof. We already know that io is a morphism of left H- module algebras from A to {A^H) 3 , so 
the only thing left to prove is that X/ A ^ H y o i = {idu ® io) ^A- We first record the following 
relations, whose proofs are easy and left to the reader, which hold for the elements pr = p 1 ®p 2 
and qn = q 1 <8> q 2 given by (|1.44|) : 



T 2 p\ 



T 3 p 2 



y 1 ®ylp l ®y 2 2 p 2 S{y 3 ), 
q l Y^Z 2 ® S(q 2 Y 2 2 Z 3 )Y 3 = q\ ®q\® S(q 2 ) 



(4.1) 
(4.2) 



Now, by denoting pr = P 1 ® P 2 another copy of pr, we compute: 

{\a#h)i io)(a) = 



JQ21 



Jl.54H4.li 



finishing the proof. 



\A#Hy{v l ■ a#p 2 ) 

®[X 2 Y^ 1) T 2 • (tV • a ) (0) #X 2 Yl 22) T 3 t 3 p 2 9 2 S(X 3 q 1 Y 2 )] 

X^THzl^plP 1 ■ a\_ x) Zl lj2) plP 2 S{ q 2 Y 2 Z*)Y 3 
®[X 2 Y^T 2 ■ (ZfaplP 1 ■ a) (0) #X 2 Y ( L 2)2) T 3 Z 1 2 p 2 S(X 3 q 1 Y 2 Z 2 )] 
XWYfaZforfil* • a) ( „ 1) P 2 5(g 2 y 2 2 Z 3 )y 3 
®[X 2 T 2 Y^ 2) Z}^ 2) p\ ■ (P 1 ■ a ) {0) #X 2 T 3 Y 2 1 Z 2 1 p 2 S(X 3 q 1 Y 2 Z 2 )} 

X l T l q\ lxl) p\{P l ■ a)^ l) P 2 S{q 2 ) 

®[XlT 2 q\ 1X2) pl ■ (P 1 ■ a) (0) #X 2 T 3 ql h2) p 2 S(q 1 2 )S(X 3 )} 

X 1 T 1 p\ql(P 1 . a ) i _ 1) P 2 S(q 2 ) 
®[X 2 T 2 p l 2 q\ ■ (P 1 ■ a) {0) #X 2 T 3 p 2 S(X 3 )} 

X 1 y\ q \P 1 .a) { _ 1) qlP 2 S{q 2 ) 

®[X 2 y 2 p 1 ■ (q\P l ■ a) m #X 2 y 2 p 2 S(X 3 y 3 )} 

a ( _i) <8> (p 1 ■ a (0) #p 2 ) 
((id H ® io) o Xa)(o), 

□ 



Theorem 4.7 Let H be a quasi-Hopf algebra and A an algebra in ^yT>. Then the map U : 
A®Hq — > (A#Hy , II(a ® h) = x 1 ■ a#x 2 hS(x 3 ), is an isomorphism of algebras in ^yT). 

Proof. We proved that j : Hq — > (A#Hy and io ■ A ^ {A^H) 3 are morphisms of algebras 
in ^yV, and together with the commutation relation (|3.ip this allows to apply the universal 
property of the twisted tensor product A®Ho = A ®r Ho in the category jjyT>, obtaining thus 
a morphism of algebras in ^yT) between A®Hq and (A#H)i , to say, which has to be given by 
u>(a ® h) = io(a) * j(h), that is uj coincides with the map II, which finishes the proof. □ 
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5 An algebra isomorphism B V #H ~ B <g> H and applications 



Proposition 5.1 Let H be a quasi-Hopf algebra, B an associative algebra and v : H — > B an 
algebra map. Denote by rj the algebra map rj : H — > B (g) H , rj(h) = v{h\) (8> h 2 . Define the map 



u:B^B®H, u(b) = ^;(:r i )&^;(S(x|X 3 ),/• 1 ) ® x*X L j3S{x{X 2 )f\ 



,3 Y 2 \ 



(5.1) 



where f = f 1 (g> f 2 is the Drinfeld twist given by fll.l3\) . Then u is a morphism of left H -module 
algebras from B" to (B ® H)' n . 

Proof. The fact that u(v{(3)) = r]{(5) follows immediately from (|1 . 15[) . We check now that u is a 
morphism of left ff-modules: 

h> v u(b) = riih^uibHSihi)) 

«(/ l(lil) )«(x 1 )6«(5(xiX 3 )/ 1 ) W (S(/ i2 ) 1 ) h^ 2) x 2 X l pS{x\X 2 )f 2 S{h 2 ) 2 

vih^x^bviSih^xlX^f 1 ) ® / l(lj2) x 2 X 1 /35(/ l(2il) x 3 X 2 )/ 2 

vix'h^bviSixlh^X^f 1 ) ® x 2 h {2)1) X 1 (3S(xih {2)2A) X 2 )f 2 

v{x 1 hi)bv{S{xlX z h 2 )f 1 ) ® x 2 X 1 l3S{x\X 2 )f 2 
= u(h > v b), q.e.d. 

Now we check that u is multiplicative (we denote by F = F 1 <S> F 2 another copy of /): 



lL9t 
ITTTIi 



u{b) * u{b') 



I1.9II1.15> 

OE3 



viY^uibWSiy^WYfMb'HSiyZYi)) 
t;(y 1 1 x 1 )6 W (5(x 3 X 3 )/ 1 5(y 1 y 2 ) 1 a 1 y 2 y ( 3 11) z 1 )6 / 

v(S(4Z 3 )F 1 S(^Yi) 1 ) ® Y 2 l x 2 X 1 (3S{x\X 2 )f 2 S(y l Y 2 ) 2 a 2 
y 2 2 Y^ 2) z 2 Z l f3S{zlZ 2 )F 2 S(y z Yi) 2 



v{Ylx l )bv(S(T 2 t\ylY 2 xlX^) a Th 2 y 2 Y^^ 
®Y 2 l x 2 X l l3S{TH\y\Y 2 x\X 2 )at*y 2 Yl 12 /Z 

v(Ytx l )bv{S{T 2 tlylY 2 2 xlX*)aTh 2 y 2 z l Y?)b'v^ 
®Y 2 1 x 2 X 1 f3S{TH\y\Y 2 x\X 2 )at i y 2 z 2 Z 1 l3S{ylzlZ 2 )f 2 
iiaOEU y^x^bviSiThlYixlX^aTh^b'viSiylzH^f 1 ) 
®Y 2 1 x 2 X l l3S{y l T l t\Y?x\X 2 )ay 2 Z 1 l3S(ylZ 2 )f 2 



x i y i )6 w (5(r^ 3 lili2) ^^y^ 2) x 3 )ar 3 x^ 2) t 2 w 3 F 1 3 )6' 



OJL3 
031 IE3 



^s^z^r^Kf)/ 1 ) ® x^y/x 1 /? 
^(y^^^^^^Tyfyd^x 2 )^ 2 ^ 1 ^^ 3 ^ 2 )/ 2 

v(x 1 y 1 )6t>(5(T 2 4^|y ( 2 2i2) x 3 )QT 3 t 2 Ty 3 y 1 3 )6 , v(s(yfz 3 x 3 t 3 vF|y 2 3 )/ 1 ; 
ox 2 ^ 1 ^ 2 ^ 1 ^^^?^^^ 2 ^!!)^ 2 )^ 2 ^ 1 /?^^?^ 2 )/ 2 

v(x 1 y 1 )6v(5(r 2 4Ty 2 2 x 3 y 2 )aT 3 t 2 Tyfy 1 3 )6 / i;(5(y^ 3 xit 3 w" 2 3 y 2 3 )/ 1 ) 

^Ty^Vs^^fr 1 ^^ 2 ^ 2 )^ 2 ^ 1 /?^^^ 2 )/ 2 

v(x 1 y 1 )6v(5(r 2 4z 2 x 1 3 y 2 )ar 3 t 2 z 3 x 3 21) y 1 3 )6' 



V (5(y 3 Z 3 x 3 t 3 z 3 X 3 2>2) y 2 3 )/ 1 ) 
16 



{T3HL3 
OE3 



®x 2 X 1 f3S{y 1 x 3 1 T 1 t\z l X 2 )ay 2 Z 1 (3S{y 3 1 Z 2 )f 2 

vix^bviSiTh^XfY^aT^zfXf^Y^b' 

v(S(x 3 t 3 z 3 X 3 2 2) Y 3 )f l ) ® x 2 X 1 f3S(x 3 T 1 t\z 1 X 2 )S(y 1 )ay 2 pS(y 3 )f 2 

^x 2 ^ 1 /?^??/ 1 ^ 2 )/ 2 

t;(x 1 y 1 )6t>(5(t 1 y 2 )at 2 y i 3 )6 / i»(5(x^ 3 t 3 y 2 3 )/ 1 ) ® x^/^xfX 2 )/ 2 

-u( w (y 1 )6i>(5(t 1 y 2 )at 2 y 1 3 )6 / i»(,s(i 3 y 2 3 ))) 



finishing the proof. 

Corollary 5.2 The map ip : B V #H B ® H , given by 



iP(b#h) = v{X 1 x\)bv{S{X 2 x 1 2 )aX 3 x 2 h 1 ) 



•x 3 h 2 , 



□ 



(5.2) 



is an algebra map. 



Proof. The universal property of the smash product, applied to the maps n and u from Propo- 
sition Ell provides an algebra map B V #H — > B <S> H , which turns out to be exactly the map ip 
given by (|5.2p . we leave the details to the reader. □ 

Proposition 5.3 If H is a quasi- H op f algebra, B an algebra, v : H — > B an algebra map, then: 

(i) The map 9 : B -> 9(b) = v{z l )bv{Z l pS(z 2 Z 2 ))#z 3 Z 3 , is an algebra map. 

(ii) The map \i : H — ► B v jfB, fi(h) = v(z 1 Z 1 j3S(z 2 hiZ 2 ))jfz 3 h 2 Z 3 , is an algebra map. 
(Hi) For all h E H and b € B, the following relation holds: 

0{b)n{h) = n(h)6(b) = v(z 1 )bv(Z 1 pS(z 2 h 1 Z 2 ))#z 3 h 2 Z 3 . 

(iv) Consequently, the map 

£:B®H^B V #H, £(b®h) = v(z 1 )bv(Z 1 pS(z 2 h 1 Z 2 ))#z 3 h 2 Z 3 , (5.3) 

is an algebra map. 

Proof. We only prove (i) and leave the rest to the reader. Obviously 9(1) = v([3)#l, so we only 
have to check that 9 is multiplicative. We compute: 



9(b)9(b') 



[x 1 > v (v(z l )bv(Z l (iS(z 2 Z 2 )))} * [x 2 z\z\ (v(t x )b'v(T x {5S(t 2 T 2 )))\ 
#x 3 z 2 2 Z\t 3 T 3 

v{X 1 x 1 1 z 1 )bv(Z 1 f3S{y 1 X 2 xlz 2 Z 2 )ay 2 Xfx 2 1 zf hl) Zf 1A) t 1 ) 

6't;(r 1 /?s(y 3 x 3 x 2 4 i2) z ( 3 i2) t 2 r 2 ))#x 3 z 2 z 3 t 3 r 3 

v{X 1 w\z 1 y 1 )bv(Z 1 pS(X 2 wlz 2 y 2 x 1 Z 2 )aX 3 w 2 zfy 2 2l) xlzf ll) t 1 ) 

6't;(r 1 /?5(«; 3 2 3 y 2 2i2) x 2 Z 3 li2) t 2 r 2 ))#y 3 x 3 Z 3 t 3 r 3 

v(y 1 )bv(Z 1 pS(z 1 y 2 x 1 Z 2 )az 2 y 2 21) x 2 Z 3 11 /) 
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#y 3 x 3 Zft 3 T 3 
#y 3 Y 3 t 3 T 3 

OE3 v (y 1 )bv(Y 1 Z 1 pS(z 1 Z 2 )az 2 Zft 1 )b'v{T 1 pS(y 2 Y 2 z 3 Zit 2 T 2 ))#y 3 Y 3 t 3 T 3 

v {y 1 )bv{Y l Z l (3S{Z 2 )aZ 3 t l )b'v{T l (3S{y 2 Y 2 t 2 T 2 ))#y 3 Y 3 t 3 T 3 

^ viy^bb'viT^StfT 2 ))^ 3 ^ 
6(bb>), 

finishing the proof. □ 

Theorem 5.4 The maps ^ and £ given by 115. ty) and respectively k5.S\) are inverse to each other, 
providing thus an algebra isomorphism B V #H ~ B (g> H . 

Proof. We compute: 



£(ij>(b#h)) = v(z 1 X 1 x\)bv(S(X 2 xl)aX 3 x 2 h 1 Z 1 (3S(z 2 x 3 1 h {2A) Z 2 ))#z 3 x 3 ,h i2 2 ) Z 

v (z 1 X 1 x\)bv{S(X 2 x\)aX 3 x 2 Z 1 (3S(z 2 x 3 Z 2 Mz 3 x 3 Z 3 h 

G3p3 v ( z 1 x 1 y ( 1 11) tl)6t;(5(x 2 y ( 1 li2) 4)ax 3 y 2 1 t 2 /?s*(z 2 y 2 t 3 ))#z 3 y 3 /i 

- t; (X 1 tl)6t>(S(X 2 4)aX 3 t 2 /35(t 3 ))#/i 



JT6t 



6u(S(t 1 )at 2 /35(t 3 ))#/i 

ij){£{b®h)) = v{X 1 x\z 1 )bv{Z 1 f3S(X 2 x\z 2 h 1 Z 2 )aX 3 x 2 zlh % i ) Zl)®x 3 zlh { 22)Zl 
OHL3 bv{Z x pS(t x h x Z 2 )at 2 h {2>l) Zl) ® t 3 h %2) Z 3 

to^/^ZV^i) ^ 3 Z 3 
6v(Z 1 /35(^ 2 )aZ 3 ) (g) h 

finishing the proof. □ 

We present now some applications of Theorem 15.41 We first record two results of independent 
interest, whose proofs are straightforward and will be omitted. 

Lemma 5.5 If H is a quasi-Hopf algebra, then (H ® H, A, <3?a) is a left H-comodule algebra, 
with structures 

A : H®H -» H®(H®H), \(ti ® fc) = $ ■ ((A ® idff)(/i' (8 ft)) • 
$ A = («4 ® id;* ® A)($) e JT ® J! (& (# ® if). 

Moreover, A : H ^ H ® H is a morphism of left H-comodule algebras. 
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Lemma 5.6 If H is a quasi-Hopf algebra, v : 03 — > £ is a morphism of left H-comodule algebras 
and v : H ^ *B, w : H ^ (£ are morphisms of left H-comodule algebras such that vov = w, then 
v is a morphism of algebras in ^yT> between *B V and £ w , where *B V and £ w become algebras in 
as in Proposition \4-4\ 

We consider now the particular case B = H and v = idn in Theorem 15.41 so we have an 
algebra isomorphism 

^:H #H^H®H, V(h'®h) = X 1 x\h'S{X 2 x\)aX 3 x 2 hi®x 3 h 2 . (5.4) 

By a slightly longer but also straightforward computation, one can prove the following result: 

Lemma 5.7 If we consider Hq^H a left H-comodule algebra as in Proposition ^. 1\ and H ®H 
a left H-comodule algebra as in Lemma [575{ then the map ^ given by (f5.^| j is an isomorphism 
of left H-comodule algebras. 

By using (II. 5ft and (|1.6j) . one can see that ^ o j = A, where j : H — > Hq#H, j(h) = ljj ^h. 
Thus, as a consequence of the above results and of Theorem 14.71 we finally obtain: 

Proposition 5.8 If H is a quasi-Hopf algebra, then Hq^Hq ~ (H (g) H) A as algebras in ^yT>. 

As a second application of Theorem 15.41 we will obtain a duality theorem for quasi-Hopf 
algebras. We recall from |T7] the construction of the two-sided crossed product H X H* x H 
associated to a finite dimensional quasi-Hopf algebra H , which is an associative algebra structure 
on H <8 H* <8 H with multiplication 

(h <g> p> <g) l){h! (8) p (8 I') = hh^x 1 (8 (y 1 v 3 *~ h 2X 2 )(y 2 h cp' <— x 3 ) (8 y 3 hl', 

for h,h',l,l' £ if and 9?, (// £ il*, where — ^ and are the regular actions of H on if*. We also 
recall from [9] the construction of the so-called quasi-smash product, denoted by H#H*, which 
is a left H- module algebra structure on H (8 H* , with multiplication and if-action given by 

(h<&ip)(h! <&ip') = hh^x 1 (8 {ip h' 2 x 2 ){p' x 3 ), 
h- Qi' ®(p) = h! ®h—^ p, 

for all h,h' £ H and p, p' £ H*. By [9], the following identification of algebras holds: 

H X H* X H = (H#H*)#H. 

By |27j . H#H* is isomorphic, as left iT- module algebras, to End{H) v , where End(H) is regarded 
as an associative algebra in the usual way and u : H — » End(H) is a certain algebra map. 
All these facts combined with Theorem 15.41 yield the desired duality theorem: 

Theorem 5.9 If H is a finite dimensional quasi-Hopf algebra, then the two-sided crossed prod- 
uct H X H* X H is isomorphic to End(H) (8 H as associative algebras. 

6 Some iterated products 

Let H be a quasi-bialgebra and A an algebra in ^yV- By Proposition 14. 1\ (A#H, A, &\) is a 
left -ff-comodule algebra, and by the Preliminaries (A#H, p, & p ) is a right ii-comodule algebra. 
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Proposition 6.1 (A#H, A, p, <fr\, <J> P , $>\ tP ) is an H-bicomodule algebra, with <E>a iP = X 1 
(l#X 2 ) X 3 £ H (A#.ff) ff. 

Proof. We first check the relation (jl.45p . We compute: 
*A lP (A®id)(/=>(a#/0) 

= $A, P (A®id)((x 1 ■ a#x 2 hi) ® x 3 h 2 ) 

^(T^V ■ a) { _ 1) t 2 x\h {U) (T 2 ■ (iV ■ a) {0) #T 3 t 3 x 2 h {1)2) ) x 3 h 2 ) 

^ ^T^x 1 • a) ( _ 1) 4x 2 y 1 / i(lil) (X 2 T 2 • (tjx 1 • a) (0) #X 2 T 3 t 2 x 3 1 Y 2 h {li2) ) 
®X 3 t 3 x 3 2 Y 3 h 2 

Wmm x'tHKx 1 ■ a) ( „ 1) x 2 / ll y 1 (x 2 r 2 4 • (x 1 • a) (0) #x 2 r 3 t 2 x?/ l(2jl) y 2 ) 

0jsr 3 t 3 x|fy 2i2) y 3 

<P XV • a) ( _ 1) x 2 / ll y 1 (y 1 * 2 • (x 1 • a) (0) #y 2 X 3 x 3 /i (2il) y 2 ) 
0y 3 X 2 3 x 3 ,/i (2i2) y 3 

(X^x 1 ■ a) ( _ 1) x 2 /ii (8) (y 1 ^ 2 • (x 1 ■ a) (0) #y 2 X 3 x 3 1 h (2A) ) y 3 X 3 x 3 2 h (2 ^ XjP 

(id ^(^(x 1 • a) ( _i)X 2 /»i (8) (X 2 • (x 1 • a) (0) #X 3 x 3 /i 2 ))$A,p 
= (id® p)(\(a#h))$x )P , q.e.d. 

Then, using the fact that \(l#h) = hi (l#/i 2 ) and p(l#h) = (l#hi) /i 2 , one can see 
immediately that the conditions (jl.46|) and (11,470 reduce to the condition (II. 3|) for $. □ 

Let now again H be a quasi-bialgebra, A an algebra in and .4, an .ff-bimodule algebra. 

We can consider the if-bicomodule algebra A#H as above, and then the L-R-smash product 
A \ (A#H). On the other hand, we can first consider the i?-bimodule algebra AQ A, and then 
the L-R-smash product (A A) \ H. 

Proposition 6.2 There is an algebra isomorphism VP : A t] (A#H) ~ (.A A) \ H , given by 

* (99 t| (a#h)) = (x 1 • x 2 • a) \ x 3 h, V p £ A, a £ A, h £ H. 

Proof. Obviously is bijective and unital, so we only have to check that it is multiplicative. 
We first write down the multiplication rule in A t| (A#H): 

= (xl-cp- e 3 (a'#h') <l> x 2 p )(x 2 (a#h) [ _ 1] e 1 ■ <ff ■ i 3 ) I, x 3 x (a#h) [0] e 2 (a' '#ti) <0> x l p 
= (x 1 • ip ■ t 3 w 3 h' 2 y 2 )(x 2 Y 1 (z 1 • a) ( _ 1) z 2 /iit 1 • <p' ■ y 3 ) 

d (l#x 3 )(y 2 • (z 1 ■ a) (0) #yV/ l2 )(l#t 2 )(u; 1 • a'l^^flfy 1 ) 
= (x 1 • • t 3 w 3 h' 2 y 2 )(x 2 Y 1 (z 1 • a) ( _ 1) 2 2 /iit 1 • • y 3 ) 

\ (v l x\Y 2 ■ (z 1 ■ a) {0) )(v 2 x 3 {2A) Y 3 zfh {2A) t 2 1 w 1 ■ a')#v 3 x 3 %2) Y 3 z 3 2 h {2t2) t 2 2 w 2 ti iy \ 



where for the second equality we have used the formulae, presented before, giving the H- 
bicomodule algebra structure of A#H. Now we compute: 

*(ip \ (a#h)Mv' \ (a'#ti)) 

= [(z l ■ ip z 2 ■ a) \ z 3 h] [(w 1 ■ ip' w 2 ■ a') tj w 3 h'\ 
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cestui 
00 



(x 1 ■ (z 1 ■ (p® z 2 ■ a) ■ t 3 w 2 h' 2 y 2 )(x 2 zfh 1 t 1 ■ (w 1 ■ ip' <g) w 2 ■ a') ■ y 3 ) 
\ x 3 z\h 2 t 2 w%ti 1 y 1 

{x\z l ■ tp ■ t 3 w 2 h' 2 y 2 ® x\z 2 ■ a)(x 2 z 3 1 ^h^ ^tlw 1 ■ ip' ■ y 3 
® x 2 z li,2) h {i,2)t\w 2 ■ a') \ x 3 z\h 2 t 2 w\h\y x 



(u 1 X 1 x\z 1 ■ if • t 4 w^h' 2 y z )(u z Y L {v L X z x 1 2 z z • a) ( _ 1} 



i3...3ul „.2 



v z X 



3 x 2 z 3 1A) h {hl) t\w 1 • p' ■ y 3 ) <g> (u{Y 2 ■ (v l X 2 x\z 2 ■ a) (0) ) 



(w 3 y 3 w 3 X|a;2Z 3 lj2) /i( li 2)4 u;2 ' a ') t] x 3 z 2 h 2 t 2 wfh' 1 y 1 

{u l x l ■ ip ■ t 3 wlh' 2 y 2 ){u 2 Y l {x 2 11)V l z l • a) { _ 1) x 2 h2) v 2 z 2 h {hl) t\w 1 ■ ip' ■ y 3 ) 
®{u\Y 2 ■ (x^ uv^-z 1 ■ a)(Q)){u 3 l Y 3 xlv 3 zlh {l ^)t\ j w 2 ■ a ) \ x 3 z 3 h 2 t 2 w\h' l y l 
{u l x l ■ ip ■ t^h'^iu^xf^vliz 1 ■ a) { _ 1) z 2 X 1 h {hl) t\w 1 ■ ip' ■ y 3 ) 
®{u 3 Y 2 x 2 ^ 2) v\ ■ (z 1 ■ a) {0) )(u 3 Y 3 x 2 2 v 2 z 3 X 2 h^ 2) t 1 2 w 2 ■ a') 
\\ x 3 v 3 zlX 3 h 2 t 2 w 3 1 h' 1 y 1 

(uV • ip ■ t 3 w 3 h' 2 y 2 )(u 2 Y 1 xl l l) v\{z 1 • a) ( _ 1) z 2 /iit 1 • ip' ■ y 3 ) 
®{u\Y 2 x 2 l 2) v l 2 ■ (z 1 • a) {0) ){u 3 2 Y 3 x 2 2 v 2 zfh {2A) t 2 1 w 1 • a') 
\ x 3 v 3 zlh (2 ^ 2) t 2 2 w 2 ti l y l 

(ulx 1 ■ ip ■ t 3 w 3 h' 2 y 2 ){u\x 2 Y 1 (z 1 ■ a) { _ 1) z 2 h 1 t 1 • ip' ■ y 3 ) 
®{u\v l x\Y 2 ■ (z 1 ■ a)^)(ulv 2 x 3 21) Ylzlh^x)t\w l ■ a') 
\ u 3 v 3 x 3 {22) Yiz 3 2 h {2 ^ 2) t 2 2 w 2 h' l y l 
*{[ip\\{a#h)]Yp' \\{a'#ti)\), 



finishing the proof. 



□ 



Corollary 6.3 If H is a quasi-bialgebra, A an algebra in ^yT> and C a left H -module algebra, 
then we have an algebra isomorphism ^ : C x{A#H) ~ (CoA)#H , given by ^ (c x{a#h)) = 
(x 1 • c ® x 2 ■ a)#x 3 /i, for all c G C , a G A, h G H . 



We recall from [13] that, if H is a quasi-bialgebra, C a left if-module algebra and A an H- 
bicomodule algebra, then C xA becomes a right ff-comodule algebra, with structure defined 
for all c G C and u G A by: 



C xA -> (C xA) ® H, p(c Xu) = (6 1 ■ c x6 2 u <0> ) ® 9 3 u Kl> , 
, = (l c ►KXb ® (g> G (C KA) ®H®H. 



Proposition 6.4 The map \l/ in Corollary \6.3\ is an isomorphism of right H-comodule algebras. 

Proof. Note first that C X.(A#H) and (CoA)#H are indeed right .ff-comodule algebras, since 
C and Co A are left if- module algebras and A#H and if are i/-bicomodule algebras. It is easy 
to see that \I / respects the reassociators, so we only prove that it intertwines the coactions: 
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(* ® idfr) o p c (c ►<(a#/i)) 

= (tf <g> ^((fl 1 • c K0 2 (a#/i)<o>) ® 3 (a#/ i )<i>) 

= ^(z 1 • c K^z 2 )^ 1 • a#x 2 /ii)) ® z 3 x 3 /i 2 

= (yV • c ® y 2 ^ 2 ^ 1 • a)#y 3 z 2 x 2 h 1 ® z 3 x 3 /i 2 

^ {y\x x ■cfSylx 2 ■a)#y 2 xlh x ®y i xlh 2 

= p^oA^hHx 1 ■ c(^x 2 ■ a)#x 3 h) 

= P(CoA)#H o^(cK(a#/i)), 
finishing the proof. □ 

For our next results we will need the following slight generalization of Proposition 13.21 whose 
proof is similar and will be omitted. 

Proposition 6.5 Let H be a quasi-Hopf algebra, A a left H-module algebra, 23 a left H- 
comodule algebra and v : H — > 23 a morphism of left H-comodule algebras. Then the map 
v : H — > A ►< 23, v(h) = 1a Xv{h), is an algebra map and the map H : Ao%$ v — > (A ►< 23)", 
II(a ® b) = x 1 ■ a Xv(x 2 )bv(S(x 3 )) , is an isomorphism of left H-module algebras. 

Proposition 6.6 Let H be a quasi-Hopf algebra, A an algebra in and C a left H-module 

algebra. Then we have an isomorphism of algebras in h-M: 

(CoA)oH ~Co(A®H ), (c®a)®h^ X 1 -c®(X 2 -a®X 3 t>h). (6.1) 

Proof. We have (Coi)« H ~ ((Co A)#H)> by Proposition [3J2 then ((C o A)#H)i ~ 
(C K(A#H)y by using Corollary [OJ then (C x(A#H)^ ~ Co(A#H)i by Proposition EH 
and finally C o (A#H) J ~ Co (AoHq) again by Proposition 13.21 Moreover, one can check that 
the composition of these four isomorphisms in h-M- is exactly the map given by (|6.ip . □ 



We recall now some more facts from [13]. Let H be a quasi-bialgebra, A a left i?-module 
algebra and B a right i/-module algebra. The two-sided smash product AjfHj^B is the following 
associative algebra structure on A® H ® B: 

(a#h#b)(a'#ti#b') = (x 1 ■ a){x 2 h iy l ■ a')#x 3 h 2 y 2 ti lZ l #(b • y 3 h' 2 z 2 )(b' ■ z 3 ), 

for all a, a' £ A, h,h' € H and b,b' G B. For the particular case when A = k, this reduces to 
the (right-handed) smash product Hj^B, whose multiplication is 

(h#b)(h'#bf) = hti^ftib ■ h' 2 x 2 ){b' ■ x 3 ), 

for all b, b' £ B, h, h! € H. Moreover, Hf^B is a left i/-comodule algebra, with structures 

\:H#B^H®(H#B), X(h#b) = h x x x ® {h 2 x 2 #b ■ x 3 ), \/heH,b£B, 
$x = X 1 ®X 2 ® {X 3 #1b) £H®H® (H#B), 

and the map v : H — > H#B, v(h) = h#l, is a morphism of left -ff-comodule algebras. Moreover, 
it was proved in [13j that with respect to this comodule algebra structure of Hj^B we have 
A#H#B = A*K(H#B). 

Now, if we assume that H is a quasi-Hopf algebra and if we denote by j : H — > Af^Hj^B, 
j(h) = 1a#/i#1_b, which is an algebra map, as a consequence of Proposition 16.51 and of the 
above facts we obtain the following description of the left f/-module algebra {A^H^B) 3 as a 
twisted tensor product: 
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Proposition 6.7 (A#H#B)i ~ Ao (H#B) V as left H -module algebras. 

We discuss now some different kinds of iterated products, namely in the sense of |18j . We 
begin by recalling the framework in [18], extended to the case of nontrivial associators. Let C 
be a monoidal category, A, B, C algebras in C and Ri : B ® A — > A® B, R2 : C ® B — > S ® C ', 
-R3 : C ® ^4 — > ^4 ® C twisting maps in C. Define the maps 

Ti : C ® (A ® B) ^ (A ® B) ® C, T 2 : (B ® C) ® A ^ A ® (B ® C), 

^1 = a A^B,C ° ( idA ® ° a A,C,B (-R3 ® *ds) a cVA,B' 

?2 = aA,B,c (Ri ® irfc) o a^ AjC o (ids ® -R3) aB,c,A- 
Assume that R\, R2, R3 satisfy the braid equation in C: 

(id a ® R2) cla,c,b (R3 ®ids) ac,A,B (idc ® Ri) ac,B,A 

= aA,B,c (Ri ® idc) a s^4,C ® ^3) o,b,c,A (i?2 ® ^a)- (6-2) 

Then Ti is a twisting map between yl®^^? and C, T2 is a twisting map between A and B®r 2 C, 
and moreover cla,b,c is an algebra isomorphism between (^4®^ B) ®t x C and A®x 2 (B®r 2 C). 
We present first a quasialgebra analogue of a result in |18j . 

Proposition 6.8 Let H be a quasi-Hopf algebra, A, B two left H-module algebras and C an 
algebra in ^yD. Assume that Ri : B ® A — > A ® B is a twisting map in hM and denote 
by R2 ■ C ® B — > B ® C and R3 : C ® A ^ A ® C the twisting maps in hM given by 
R 2 (c ®b) = ci 1) • 6 ® C( ) and i?3(c ® a) = C(_i) • a (g> C( ), /or all a £ A, b £ B , c £ C . Then 
the twisting maps R\, R2, R3 satisfy the braid equation \6.2\i in h-M and the iterated product 
(A ® Rl B) ®t 1 C coincides with (A ® Rl B) o C . 

Proof. For a G A and b £ B, we denote .Ri(6 ® a) = ® . We check (|6.2ji : 
(ieU ® i? 2 ) ° Oa,C,B (-R3 ® ^b) a c\A,B (^C ® ^l) a C,B,A(c ® 6 ® a) 

= Z 1 {x l Y l ■ c) { _ 1} x 2 ■ (Y 3 ■ a) Rl ® [Z 2 ■ {x l Y l ■ c) (0) ] { _ 1) Z 3 x 3 • (Y 2 ■ b) Rl 
®[Z 2 -(x 1 y 1 -c) ( o)]( ) 

™ x 1 ^ 1 • c) ( _ 1}l • (y 3 • a) fll ® x 2 (y x • C ) ( _ 1)2 • (y 2 ■ b) Rl ® x 3 • (y 1 ■ c ) (0) 

= a A , B ,c(( Yl ■ c)(-i) • i?i(y 2 • 6 ® r 3 • a) ® (Y 1 • c) (0) ) 

= a^c^lK^ 1 • cJt-D.y 2 • 6 ® (Y 1 ■ c) ( _ 1)2 y 3 • a) ® (Y 1 ■ c) (0) ) 

™ a AiB)C {Rx{x x X 1 c { _ l) -b®x 2 (X 2 - c (0) )(-i)X 3 • a) ® x 3 ■ (X 2 • c (0) ) (0) ) 

= a-A,B,c (-Ri ® idc) ° cLb,AC ® -R3) aB.C,^ (-R2 ® ^a)(c ® 6 ® a). 

A similar computation shows that in this case the map T\ is given by T\ (c ® a ® 6) = C(_jv • a ® 
C(_i) 2 • b ® C( ), which implies immediately that (j4 ®# 1 i?) ®^ 1 C = (A ® Rl B) oC. □ 

Second, we will prove that iterating the quasiassociative version of the Clifford process fits 
inside the theory developed in [18]. Let A be a left module algebra over a quasi-bialgebra 
H, let a be an i?-linear involutive unital automorphism of A, let q, s be two nonzero scalars 
and denote C(k,q) = k[v]/(v 2 = q) and C(k,s) = k[w]/(w 2 = s). Consider the linear maps 
Ri : C(k, q) ® A -> A® C(k, q), R 2 : C(fe, s) ® g) C(fc, g) ® s), R 3 : C(k, s) ® 
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A -> A ® C(k,s), given by ® a) = a ® 1, ® a) = cr(a) ® v, R 2 (l <8> 1) = 1 ® 1, 

i? 2 (l ®u)=!)®l, i?2(^ 8) 1) = 1 ® i?2(^ ®d) = -d®w, i?3(l ® a) = a ® 1, #3(10 ® a) = 
cr(a) ® u;. We consider C(k,q) and C(k,s) as left If-module algebras with trivial ^/-action, 
and so i?2, -R3 become twisting maps in the category h-M. One can easily check that they 
satisfy the braid equation (|6.2[) . so we have the two twisting maps T± and T2 and moreover 
(A ®# 1 C(k, q)) ®Ti C(fc) s) = A ®t 2 (C(&j <?) <2>-R 2 s ))> because «A,c(fc,g),c*(fc,s) is the identity. 
One can also check that, if we regard A = A ®# 1 C(k,q) as the Clifford process applied to the 
pair (A, a), then (A ®# 1 C(k,q)) ®r 1 C(k,s) is the Clifford process applied to the pair (-A,ct), 
where a is the extended automorphism given by <r(a ® 1 + 6 ® w ) = <r(a) ® 1 — cr(6) ® 

Note that in the strictly associative case all these facts were obtained in [3] as an immediate 
consequence of the fact that the associative Clifford process is given (unlike the quasiassociative 
one) by a braided tensor product of algebras. 

7 Universal properties 

We have seen in Proposition 13.21 a relation between the algebra A#H and the quasialgebra 
AoHq. We analyze now the relation between the universal property of A#H and the universal 
property of Ao Hq regarded as a twisted tensor product of algebras in h-M.. 

Proposition 7.1 Let H be a quasi-Hopf algebra, A a left H -module algebra, B an associative 
algebra, v : H — > B an algebra map and u : A — > B v a morphism of left H-module algebras. 
Then we have 

flB v ° (u ® v) O R = fJ, B v o ® u), (7.1) 

where R is given by 12.2]) . that is, the input data for the universal property of AjfH is also 
an input data for the universal property of the twisted tensor product A ®# Hq in the category 
hM. Moreover, if we denote by uj^v : A#H — > B the algebra map provided by the universal 
property of A#H and by w : A o Hq — > B" the morphism of left H-module algebras provided 
by the universal property of Ao Hq = A ®^ Hq, then we have (u#v) o II = w, where II is the 
isomorphism from Proposition \3.2\ 

Proof. We denote by / _1 = g 1 ® g 2 = G l ® G 2 two copies of the element f~ l given by (|1.14p . 
We first check (j7TT) : 

(/j,bv o (u ® v) o R)[h ® a) 

v{T 1 )u{Z l X\h l g 1 S{Y 2 Xl)aY 3 X 3 ■ a)v(S(x 1 I a )aaf l Tf) 

v(Z 2 X 1 2 h 2 g 2 S(Z 3 Y 1 X 2 ))v(S(x 3 T 3 )) 

v(T 1 Zlxl hl) h ilA) g 1 1 S(Y 2 X 2 ) 1 a 1 Yi i Xf) U ( a ) 

v(S(x 1 T 2 Z 1 2 X 1 {12) h {lt2) g 1 2 S(Y 2 X 2 ) 2 a 2 Yix!) 

ax 2 T?Z 2 X 2 1 h 2 g 2 S(x 3 T 2 3 Z 3 Y 1 Xf)) 

Emm .(t^^^^^^^g^i^^^^I^)"^ 2 ^^ 3 )^") 

ax 2 T?Z 2 X 2 1 h 2 g 2 S(x 3 T 2 3 Z 3 Y 1 Xf)) 
™ viT'xl^Z'glG'SiWhlYixf^aW^Y'xfMa) 
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fTTT6li 



{L5J 



Now we check the relation (u#v) o II = \xb v ° (u v). We compute: 

((w#u)on)(o®/») = (u#u)(x 1 • a#x 2 frS(x 3 )) 

G? 3 ^(X 1 )^ 1 • a)v(5(X 2 )aX 3 x 2 /i^(x 3 )) 

DL3 u (x 1 )n(a)i»(5(x 1 X 2 )ax 2 X 1 3 / l S(x 3 X 2 3 )) 
= (^B" ° (u ® f ))(a ® /i), 

finishing the proof. □ 

Let -ff be an ordinary Hopf algebra and A a left f/-module algebra. We can regard A#H as a 
twisted tensor product between the associative algebras A and H , and thus it has a corresponding 
universal property, which is easily seen to be equivalent to the usual universal property of A#H. 

We would like to have a quasi-Hopf analogue of this situation, that is, a universal property 
of the quasi-Hopf smash product A#H resembling the universal property of a twisted tensor 
product. It is not clear a priori how to formulate such a universal property, since A#H itself is 
not a twisted tensor product, neither of associative algebras nor of quasialgebras. 

Our strategy to arrive at such a formulation is the following. We obtain first a universal 
property of the generalized diagonal crossed product A ixi A, which generalizes (and is inspired 
by) both the universal property of the diagonal crossed product H* x A over a finite dimensional 
quasi-Hopf algebra H from [17] and the universal property of a generalized diagonal crossed 
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v (5(r 2 x ( 1 2il) / l(2)1) z 2 92 1 G 2 5(H/ 1 t}y 1 2 x ( 2 21) )at 3 y 2 3 x 3 ) 

aTixl^ 2) h {2 , 2 )Z 3 9 2 S{T^Y 1 Xl)) 
v(r 1 X 1 1 /iiG 1 S(iy 2 4y 2 2 X ( 2 2i2) Z 3 )aH/ 3 t 2 y 1 3 X 1 3 )n(a) 

«(5(r 2 x ( 1 2il) / l(2il) G 2 5 1 5(w 1 t}y 2 x 2 2il) z 2 )at 3 y 2 3 x 3 ) 

aTixl 22) h (2>2) G 2 2 g 2 S(T 3 Y 1 XfZ 1 )) 
v{X 1 hS{W 2 t\Y 2 2 X 2 2 2) Z z )aWh 2 Yfxl)u{a) 

v(s{g 1 s(wH\Y^xf 2>1) z 2 )a^Yixi)a S i l s(y 1 xfz 1 )) 

v(x 1 hS(t 1 T 2 Y 2 2 xf 22) z 3 )at 2 TfY^xf)u(a) 

v(S(g l s{T l Y 2 x 2 2 ^z 2 )at 3 TlYixl)ag 2 s{Y l x 2 z 1 )) 

v{X 1 hS{t 1 TfY 2 Xl)at 2 Tf 2l) Y^Xl)u{a) 

^s^^^y^^^^a^rj^y^^a^s^y/x 2 ^^)) 

v{X 1 hS{t 1 Y 2 Xl)at 2 Ylxl)u{a) 
viSig'SiT'Yixf^aTH'YiX^SiT^X 2 ^)) 

v{X 1 hS{t 1 Y 2 Xl)at 2 Ylxl)u{a) 

v{S{S{Y l Xl) l g l S{T 2 )aT^t i Yixl)aS{Y l Xl)2g 2 S{T 1 )) 
v(X 1 hS(t 1 X 2 )at 2 Xf)u(a)v(S(g 1 S(T 2 )aT 3 t 3 Xl)ag 2 S(T 1 )) 
v{X 1 hS{t 1 X 2 )at 2 Xl)u{a)v{S{t i Xl)) 
(ub v (y <8> u))(h <g> a). 



product over a Hopf algebra, regarded as a twisted tensor product of associative algebras. Then, 
since A#H is a particular case of A cxi A, we will obtain the desired universal property of A#H. 

If H is a quasi-Hopf algebra, A an i/-bimodule algebra and A an if-bicomodule algebra, we 
denote by V : A — > A to A and j : A — > .4 ex A the linear maps given by 



rfa) = (pJ)[_i] • y • s 1 - 1 ^) 00 (p})[o], = U 



XI u. 



for all G A, u G A, where <g)j^ is given by (|1.37p . By [13], the map T has the property that 
A cx A is generated as algebra by A and T(A), while j is obviously an algebra map. 

Proposition 7.2 Let H be a quasi-Hopf algebra, A an H-bimodule algebra, A an H -bicomodule 
algebra, B an associative algebra, 7 : A —* S an algebra map and v : A ^ B a linear map such 
that the following conditions are satisfied: 

l(u<o>)v(<p ■ u<i>) = • <£h(«[o]), (7-2) 

= 7(^J)»(^j[ • V • X 2 p M9 2 )v(X 2 x ■ <pf ■ X^MXl), (7.3) 
v(l A ) = 1b, (7-4) 

for all (p,cp' G A and u G A. T/ien i/iere exists a unique algebra map w : Asxs A ^> B such that 
w o r = v and wo j = 7. Moreover, w is given by the formula 

w((p mu)= 7(gJ)u(¥> • gjh(u), (7-5) 
/or all if £ A and u G A, where q p = q\® q 2 is the element given by the formula {1.31 ). 
Proof. We first prove the uniqueness of w. By |13j . the map T satisfies the relation 

ip m u = (i A x gj)r(p • gJ)CU « «), 

for all G »4 and u G A, hence we can write 

w(<£txu) = w(j(cfc)T(<p ■ q 2 p )j(u)) 

= w{j{q l p ))w{V{ip ■ q 2 ))w(j(u)) 
= lifyvif ■ q 2 p h(u), 

showing that w is indeed unique. We now prove the existence part. Define w by formula (jT. 5[> : 
it is obvious that w is unital and satisfies w o j = 7. We check now that roor = D: 

(ti; o D(vp) = u;((pj)[_i] • y> • ^(pj) cx (pj) [0] ) 

= 7(«>((pJ)[-i] • <P ■ S- X if p )f p h{if p ) n ) 



7(#h((p})<o>M<P ■ S~HP 2 p )q 2 M)<i>) 
™ v{!p). 

Thus, the only thing left to prove is that w is multiplicative. We denote by Qp (g> Q 2 another 
copy of the element q p , and we record the obvious relation 

Q\x\ ® S- x {x z p )Q 2 p x 2 p = 1 (8) S-\a). (7.6) 

Now we compute: 

26 



w((ip CX u)((p' CX u')) 



[o] 



JT3SI 



E3 

<1.29lll.3m 
Jl.29lll.43li 



TtfJh^M^in 1 • ip ■ n'if^x 2 )^ 2 ) 

U (X|O 2 u <0>[ _ 1] • • 5- 1 (n<i>)0 4 (g 2 ) 2 X^ 3 )7(X|) 7 (0 3 u < o> [0] n') 
«((^ 1 )[0] [ _/[-i]«<0> [ _ 1] • </>' • 5- 1 (/ 1 ^ 3 n<i>)(g 2 ) 2 X^ 3 ) 

T^^^A-i]^ • • ^ 1 (/ 2 ^ 3 )(^)i^ 2 )7(^(^ 1 )[o] < o>^<o>"<o>< 
• ^H/ 1 ^ 3 ^<i>)(^)2^ 3 ^(l > p 1 )[o] <1> ^<i>^<o> <1> )7K) 



7 (g^i) u ((y;) < o> [ _ 1] ^r • • ^ 1 (/ 2 ^ 3 )(^)ix p 2 ) 7 ((y;) < o> [0] ^r <0> u <0><0> ) 

• 5-H/ 1 ^ 3 n<i > )(g 2 ) 2 l p 3 (y;)<i > ^ 2 <1> u <0><1> )7K) 

7 (^x p 1 ) u ((y/) <0>M] (y p ) hl] ^ • ? • s-\fY^){e p )iXl) 

7((^ p 1 )<o> [0] (yJ)[o]f 2 ^M<o>< >) 

7(^ P 1 (^ 1 )<o><o>(yJ)<o>)^( 



p\ p J^L^Vp" 1/0' 

^•5- 1 (/ 2 y p 3 )(g 2 ) 1 x p 2 (y p 1 ) <0 > <1> (y p )<i>) 

7(6» 2 Z / Ju <0><0> ) 

7(^(^ 1 )<o>y P ^ 1 M^ 1 • <p ■ 5-^/ 2 y p 3 )(g 2 ) 1 (y p 1 ) <1>1 (y 2 ) 1 x 1 x 2 ) 

7 (0 2 Z> <o><o >(y • 5- 1 (/ 1 y p 2 y 3 3 ; 3 (l 3 ) 2 3 Z 3 n <1> ) 

(^)2(^ 1 )<i> 2 (y 2 ) 2 ^ 2 (x 3 ) 1 ^ 3 z> < o ><1> )7(« / ) 

7$ (Qj)<o>^X p 1 ) U (^ 1 • ^ • g 2 (g p ) <1> x 2 (y 2 ) 1 x 1 X 2 ) 7 (0 2 u <o >Z p 1 ) 

7(gJ(Qj)<o>(5j)<o>)v(^ • P • 9 2 (Q P )<1>(^)<1>)7(^<0>^) 
vfo/ • 5- 1 (x 3 ^ 2 3 n<i> 2 Z p 3 )Q 2 ^ 3 n <1>1 Z p 2 ) 7 (n') 

7(9j)v(y • ^frC^M*' • 5- 1 (Z 3 )5- 1 («)Z 2 ) 7 (n') 

7(gJ)v(v • 9 2 )7(«)7(Qj)v(y' • Q 2 P h(u) 

w(ip ex u)w(<p f CXI 1i ), 



finishing the proof. 



□ 



Remark 7.3 This universal property of A cx A looks quite different from the universal property 
of H* cx A given in [T7], Theorem II, which is formulated in terms of so-called normal coherent 
intertwiners, but for finite dimensional H and A = H* the two universal properties are actually 
equivalent. Indeed, if T = T 1 ® T 2 e H®B is a normal coherent intertwiner as in [T7j, then 
we can define the map v : H* -> 5, u(y>) = (^(T^T 2 , and the three conditions l[72|> . I[T5|) and 
(|7.4f) for u follow from the three conditions in [17] defining a normal coherent intertwiner. 
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We intend now to prove that the algebra isomorphism v : A. IX A — > A\\ A given by (jl.60[) 
may be naturally reobtained by using Proposition 17. 21 We define the map 

A:A^A\\A, A(ip) =9 1 -^-6 3 ^e 2 . (7.7) 

We claim that the conditions in Proposition 17.21 are satisfied for B = A \ A, 7 = j and v = A. 
Indeed, condition (17. 2p follows easily from (|1.45p and condition (17. 4p is trivial, so we only have 
to check <^3^). We denote by 6 l ®6 2 ® (9 3 one more copy of <J> A 1 and we compute: 

j(x l p )h(e l x\ ■ v ■ x 2 )j(e 2 )A(x 2 • ■ x*P)j(x*) 

= ({xD^/e^xl ■ v ■ x 2 /e 2 <x> \ (xl) [0] e 2 e% 0> ) 
{Pxl ■ <p' ■ xle*~e\xl) <x> \ e\xl) <0> ) 
™ (e'xl ■ v ■ q\y 2 \ e^Wxl ■ <p' ■ ^ p 3 ^ 3 (a > a ) <1> t, ^ 2 (xf) <0> ) 

(z^C*?)^ 1 ^ • ¥>' • OlY^iXlU^xD \ x 3 A ^ 0] (^ 1 ) [0 ]^^o>(^A 3 )<o> < „ > ^ 

(xlef^xl ■ <p' ■ elelr^xlu^) \ x|^ o] 2 y;(x|) <o><o> ^ 
™ . v . ^(x!) <1>1 y, 2 (x!) <0 > <1> ^) 

(^X 2 • . 2 3 (i|)<i> 2 l > p 3 (A > |) <1> x3) [, 2 (x|) <o >i; 1 (A > A 3 ) < o ><o> xi 

finishing the proof of (|7.3p . We can thus apply Proposition 17.21 obtaining an algebra map 
w:A\x\A—>A\]A satisfying uu o T = A and w o j = j 1 and given by the formula 

w(ip mm) = j{q l p )A{ip ■ q 2 )j(u) 

= (ql)^ 1 ■ if ■ q p e 3 U<1> \ (^) [0 ^ 2 n <0 >. 

On the other hand, by using (jl.47p and (jl.5p . one can easily check the following relation: 

[t P \-if ® (ql^e 2 ® = e 1 ® ^e 2 <0> s^e 3 )^ 2 ^, 

which implies that the map w above coincides with the algebra isomorphism v given by (|l,60p . 

As a consequence of Proposition [721 we immediately obtain the following new kind of universal 
property for the quasi-Hopf smash product: 

Proposition 7.4 Let H be a quasi-Hopf algebra and A a left H-module algebra. Denote by 
i : A —s- A#H, i(a) = ajf=l and j : H — > A#H , j(h) = ljfch. Let B be an associative algebra, 
7 : H — > B an algebra map and v : A — > I? a linear map satisfying the following conditions: 

1 {h)v{a)=v{h 1 -a) 1 {h 2 ), (7.8) 
v(aa') = viX 1 ■ a)v(X 2 ■ a')j(X 3 ), (7.9) 
v(l A ) = 1b, (7.10) 

for a, a' £ A, h £ H . Then there exists a unique algebra map w : A#H — ► £> smc/j i/tai woi = v 
and w o j = 7. Moreover, w is given by the formula w(a#h) = v(a) r y(h), for a £ A, h & H . 
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The relation between the two universal properties of A#H is the following: Proposition 17.41 
implies the usual universal property (unlike the case of ordinary Hopf algebras, the converse 
does not seem to hold). Indeed, if B is an associative algebra, 7 : H — > B an algebra map and 
u : A — > B 1 a morphism of left -ff-module algebras, define the map 

v.A^B, v{a)= 1 {q 1 )u{a) 1 {S{q 2 )), 

where q B = q 1 (g> q 2 is given by (ll.44|) . Then one can check that the maps 7 and v satisfy the 
hypotheses of Proposition 17.41 and obviously the unique algebra map w : AjfB — > B provided 
by Proposition 17.41 coincides with the map it#7 given by (|1.25j) . 
Proposition 17. 4l mav be easily extended to a universal property of the two-sided smash product: 

Proposition 7.5 Let H be a quasi-Hopf algebra, A a left H-module algebra and B a right 
H-module algebra. Denote by i A , is, j the standard inclusions of A, B, H respectively into 
Af^HffB. Let X be an associative algebra, 7 : H — > X an algebra map and va ■ A — > X, 
vb ■ B — > X two linear maps satisfying the following conditions: 

j(h)v A (a) = v A {h x • 0)7(^2), v A (aa') = v^X 1 • a)v A (X 2 ■ a')~/(X 3 ), 
v B (b)j(h) = 7(^)^(6 • h 2 ), v B (bb') = jiX^veib ■ X 2 )v B (b' ■ X 3 ), 
v A {l A ) = lx = v b {1b), v B (b)v A (a) = v^x 1 ■ a)^(x 2 )v B (b ■ x 3 ), 

for all a, a' £ A, b,b' £ B, h 6 H. Then there exists a unique algebra map w : A#H#B — > X 
such that w o i A = v A , w o i B = v B and w o j = 7. Moreover, w is given by the formula 
w(a#/i#6) = v A (a)j(h)v B (b), for all a <E A, h G H , b G B . 

For instance, the algebra isomorphism Af^BffB ~ (A B) \\ H from [28] may be easily 
reobtained by using this universal property. 
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